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A discussion is given in the adiabatic representation of a consistent formulation of the
multidimensional and three-particle inverse scattering problems on the basis of a consistent
solution of two interrelated problems: the parametric problem for the Hamiltonian of

the fast motion, and the problem for multichannel systems of coupled gauge equations
describing the slow dynamics. A method is presented for constructing a large class

of exactly solvable multidimensional models by a generalization of the technique of Bargmann
potentials to a parametric family of inverse problems and for systems of equations with a
covariant derivative. The introduction of an additional matrix of scalar potentials without loss
of supersymmetry and, accordingly, the existence of conditions for topological effects are
discussed. A natural generalization of Witten’s construction of one-dimensional
supersymmetric quantum mechanics to systems of gauge equations in two-dimensional space

is proposed.

1. INTRODUCTION

In our view, the adiabatic represe:ntationl‘3 offers the
best prospects for solving complicated multidimensional
many- and few-particle problems of quantum mechanics. It
enables one to take into account the mutual influence of the
slowly varying external field and a rapidly varying internal
field. In the adiabatic approach, the coupled slow, s, and
fast, f, subsystems are separated. Accordingly, the total
Hamiltonian is divided into constituent parts: H=A*+h’.
Fast subsystems can be assumed to be embedded in slow
subsystems, which, in their turn, influence the properties of
the fast systems. The solution of the complete scattering
problem in this case reduces to a multichannel problem
that describes the slow dynamics of quantum systems and
to a single-channel (for the Hamiltonian) fast motion that
depends parametrically on the slow coordinate variables.
The total wave function of the system is represented in the
form of an expansion

Y(x)=Y J ®,(X;.) xn(X)

with respect to the eigenstates ®,(X;.) of the Hamiltonian
h/(X;.) of the fast motion for each fixed set of values of the
slow variables X. The period denotes the fast variables.
Substitution of such an expansion of ¥ in the original mul-
tidimensional Schrodinger equation and averaging over the
fast variables of the internal motion leads to a multichannel
scattering problem for the slow subsystems with covariant
derivative D(X)=1& V—iA(X). In contrast to ordinary
multichannel scattering theory, in which the coupling be-
tween the channels is determined by the matrix elements of
the potential energy, in the multichannel equations of the
adiabatic approach the coupling between the states of the
Hamiltonian of the fast motion is realized by the matrix
elements of the induced connection operator AX
=i(P(X;.) |V|P(X;.)).
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In Refs. 4-14 direct and inverse problems were formu-
lated for systems of equations of gauge type, and also a
parametric inverse problem for the Hamiltonian of the fast
motion. Simultaneous solution of the two problems gives
the complete solution to the problem. In the adiabatic rep-
resentation, the multichannel inverse problem reduces to
determination of the .S matrix from known multidimen-
sional amplitudes f (P,f() and subsequent reconstruction
of the effective vector, A, and potential, U, matrices, and
also matrix solutions y. Essentially, it is solved by using a
unitary transformation % of gauge type that realizes a
transition to a fixed basis and reduces the system with a
covariant derivative to a system of ordinary equations with
coupling through an effective potential matrix. In this way
the prerequisites were created for generating a large class
of exactly solvable models for multidimensional and many-
particle objects. However, the problem is not fully solved
until one has determined the original multidimensional po-
tential V/(X,Y) that describes the fast dynamics. It cannot
be determined as in ordinary multichannel scattering the-
ory even after the potential matrix elements
U/=(®|¥/|®) have been found from given S matrix.
The difficulty is that the basis functions |®(X,Y)) are
determined by the same potential ¥/(X,Y) in the solution
of the “parametric” equation, and this is, in general, not
known in advance. One can recover the potential v/ (X,Y)
and find moving-frame functions |®(X;Y)) by means of
the formalism of the inverse problem for the fast equation
with parametric dependence of the scattering data on the
slow variables s(X;k), & ,(X), ¥,(X), this dependence be-
ing determined, in its turn, by solution of the “slow” sys-
tem of equations.

This is a second important aspect of the adiabatic rep-
resentation, and it is of interest in connection with the new
formulation of the inverse problem with parametric depen-
dence on the slow coordinate variables. To a certain de-
gree, the situation is analogous to the theory of nonlinear
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evolution equations. However, it should be noted that in-
stead of the simple evolution equation in soliton theory it is
here necessary to handle the much more complicated sys-
tem of equations (6) for the determination of the paramet-
ric dependence of the spectral data on the slow variables.
However, it is true that in this theory there exists an analog
of an evolution equation—the bilocal unitary operator
(13) of parallel transport of the frame from one point of
the base to another.

On the basis of the multichannel and single-channel
technique of Bargmann potentials for the slow system of
equations and parametrically dependent fast basis equa-
tion, there was proposed in Ref. 4 a method of analytical
modeling of effective interactions in multidimensional
fields and determination of the corresponding solutions.

One of the interesting aspects of the adiabatic represen-
tation is associated with the appearance of gauge fields in
nonrelativistic few-particle and many-particle quantum sys-
tems, especially in connection with Berry’s discovery® of a
geometric adiabatic phase. Further stages in the develop-
ment of the theory were marked by the studies of Wilczek
and Zee'® and of Aharanov and Anandan.!” Wilczek and
Zee showed that non-Abelian effective gauge fields arise in
the adiabatic treatment of molecular systems with degen-
erate electron states. Aharanov and Anandan generalized
the approach by introducing nonadiabatic non-Abelian
geometric phases. One of the consequences of the approach
is the occurrence in molecular systems of effects equivalent
to the Aharanov-Bohm'®"® and Hall?***! effects, supercon-
ductivity, and nonlinear phenomena. In particular, in the
presence of supersymmetry for systems of gauge equations
the ground state—the vacuum state—is degenerate, and
the conditions for the occurrence of effects like the quan-
tum Hall effect and nonstandard statistics are possible. In
addition, supersymmetric quantum mechanics enables one
to find exact solutions for a large class of problems, includ-
ing many of the models obtained by the methods of the
inverse scattering technique and Darboux
transformations.?24

In Refs. 5 and 25-28 there is discussed a generalization
of supersymmetric quantum mechanics®-** to systems of
gauge equations obtained in the adiabatic representation.
The introduction of an additional scalar potential to pre-
serve supersymmetry is considered. In the one-dimensional
case, supersymmetry is completely determined by a matrix
of scalar potentials, i.e., one can show here that the super-
symmetry and gauge symmetry do not mix. However, in
the multidimensional case the presence of supersymmetry
may lead to the appearance of geometric phases (which,
essentially, were written down by Aharanov and Casher in
Ref. 34, which was devoted to a study of the degeneracy of
the ground state of the Pauli Hamiltonian), the phases of
Wilczek and Zee,'® and various topological effects. Also
possible is the occurrence of nonadiabatic geometric phases
due to singularities of the vector potential at points of term
crossing. 2”83

The nondiagonal elements of the induced connection
operator A4 realize transitions between states of the para-
metric, so-called instantaneous Hamiltonian H” and gen-
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erate nonadiabatic Aharanov-Anandan phases.!” In a re-
alistic formulation of the three-particle problem, the
nondiagonal matrix elements of 4 must be taken into ac-
count, since a correct solution of the problem is impossible
without them. Moreover, near level crossing the adiabatic
approximation is invalid. In the presence of crossing of two
or even three levels, singularities of 4,,, arise and, as a
result, phases induced by them. This makes it necessary to
introduce geometric nonadiabatic matrices in the presence
of singularities of 4 in addition to the Aharanov—Anandan
phases.'* Berry phases' are obtained in the adiabatic
limit when transitions between different states are ignored.

Definite success has now been achieved in the formu-
lation of three-particle and many-particle scattering prob-
lems. The correct formulation and solution of scattering
problems for systems of three charged particles are natu-
rally obtained in the framework of the modified differential
equations of Faddeev.’” The exotic three-particle
interaction—hyperspherically symmetric without two-
particle potentials—reduces, essentially, to the ordinary ra-
dial formulations of the direct and inverse scattering
problems.*® Quite a large number of studies (in particular,
those of Refs. 3747, Refs. 6-10, and Refs. 48-59) have
been devoted to the investigation of model three-particle
scattering problems without rearrangement and realistic
three-particle problems with allowance for scattering pro-
cesses and redistribution and disintegration of the system
into three fragments.

In Refs. 4 and 6-12 there was proposed a constructive
solution of the direct and inverse scattering problems in a
three-particle system, based on a global adiabatic represen-
tation of the three-particle wave function V consisting of a
sum of Faddeev components \P(X)=2‘31=1F «(X). By the
use of an invariant adiabatic variable—the hyperradius
X = \/xi + yai—in three-particle scattering problems and
representation of the Hamiltonian in the form
H=H'X)+H' (X,f() there is constructed a fiber space
2 with universal base B=R!, DX for all Faddeev com-
ponents and trivial fiber F y= LZ(S}()A()) formed from
elements of the basis. Correct boundary conditions corre-
sponding to all possible processes of scattering with redis-
tribution and disintegration follow from the Faddeev inte-
gral equations. The use of these boundary conditions, the
hyperspherical adiabatic representation, and a generalized
gauge transformation made it possible to carry out a cor-
rect reduction of the three-particle direct and inverse scat-
tering problems to corresponding multichannel and para-
metric problems and to formulate them. The adiabatic
approach is used to construct model three-particle poten-
tials of Bargmann type and the corresponding exact solu-
tions in closed analytic form.*!!

The class of exactly solvable quantum-mechanical
problems is greatly extended by using the methods of in-
verse scattering problems®®®* and Darboux—Crum-Krein
transformations.®*%® In Refs. 69-76 there were proposed
generalized Bargmann and Darboux—Crum—-Krein trans-
formations that make it possible to construct in closed an-
alytic form new series of potentials and corresponding so-
lutions of the Schrddinger equation for variable values of
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the angular momentum / and energy E along arbitrary
straight lines in the (A%E) plane (A=I+1/2). In the spe-
cial case /=const, they go over into the ordinary expres-
sions for the solutions and potentials of Bargmann type’ !
in the Gel'fand-Levitan or Marchenko approaches with
degenerate kernel of the generalized-shift operator and into
transformations of the same type for E=const (see Refs.
39 and 82-85 and the references in them). In this sense, the
approach gives a generalization of the exactly solvable
models of the inverse problem with the advantage that it
does not use the integral equations of the inverse problem
and, accordingly, does not use explicitly the completeness
of the set of eigenfunctions, which is needed for its deriva-
tion, and at the same time is a closed algebraic procedure.
The resulting generalized Bargmann transformations are
related to the generalized Darboux transformations in the
same way that the corresponding ordinary transformations
are related. The investigations for Schrodinger equations
with variable values of the energy and orbital angular mo-
mentum made it possible to propose a technique of alge-
braic Bargmann and Darboux transformations for equa-
tions of more general form with a functional dependence
on the right-hand side of the equation:

—d2 ¢ (y,r)/dP+V(R)$(v,r) =V?h(Nd(y,r) (1)

(Refs. 83 and 27), which find application in atomic phys-
ics, the theory of the propagation of electromagnetic
waves, acoustics, geophysics, etc. For a definite choice of
h(r), the Bargmann and Darboux transformations for
fixed values of E and / as well as for variable values are
obtained as special cases of these generalized transforma-
tions.

2. ADIABATIC REPRESENTATION OF THE
MULTIDIMENSIONAL SCATTERING PROBLEM

As is well known, the direct solution of a multidimen-
sional inverse problem encounters many difficulties, mainly
in connection with the fact that the problem is overdeter-
mined. The fact is that the Gel’fand-Levitan and March-
enko methods are based on the existence of an integral
kernel of generalized shift with the triangle property. Be-
rezanskii, in the finite-difference case,87 and Faddeev, in
the continuous case,®® made significant advance in the
search for the necessary triangle property in multidimen-
sional problems. Then Faddeev (Ref. 88, 1971; Ref. 89)
and after him independently Newton®>**** investigated the
two-dimensional inverse problem. It should be noted that
the first attempt, already ten years before these studies, was
made by Kay and Moses.’>* However, their method was
designed for the reconstruction of nonlocal potentials and
does not guarantee reconstruction of local ones. A finite-
difference formulation of a two-dimensional inverse prob-
lem was realized in Refs. 39 and 97 on the basis of
Berezanskil’s approach in polynomial problems of the re-
covery of an infinite Jacobi matrix.%’

In recent studies, Beals and Coifman®® and Novikov
and Khenkin®® 19! investigated a different approach for
two- and three-dimensional operators on a fixed level and
energy surface. This was preceded by the inverse problem
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for fixed energy and variable values of the orbital angular
momentum for a spherically symmetric decreasing poten-
tial, which was formulated in studies of Regge,'®
Newton,103 Sabatier, '* Loeffel,'® Levitan,®>'% and Lip-
perheide and Fiedeldey.'"!%8

It is of interest to look for and develop constructive
methods of solving inverse problems by reducing them to
problems of lower dimension. In this section, we consider a
multidimensional inverse problem in the adiabatic ap-
proach, represented in the form of two inverse problems:
one for a Schrodinger equation describing fast dynamics
with parametric dependence on slow variables, and the
other for the system of equations describing the slow mo-
tion. We give a method for constructing exactly solvable
models for both cases and, thus, for the complete multidi-
mensional problem.*

As we have already noted, the solution of complicated
multidimensional problems is often based on a procedure
of dimensional reduction of the space, M= BX M, by us-
ing an expansion of the wave function of the original
Hamiltonian with respect to a complete set of known basis
functions. In the general case, this corresponds to the in-
troduction of Hilbert bundles 7= [ ;® ¥ ydu(X), where
B is the base, u(X) is a positive measure on it, and the
fibers # y form families of Hilbert spaces parametrized by
points X € B. In the traditional approach of the method of
strong channel coupling, such a representation corresponds
to a fixed fiber ¥ y formed from known basis functions,
and the unknown coefficients, to the determination of
which the problem reduces, are specified on the space B of
lower dimension than the original M. In contrast to this,
the adiabatic representation, in which for the Hamiltonian
H one introduces the decomposition

H=rI+h, (2)

is formulated on a Hilbert bundle 7 with nonfixed fibers
F x formed from the eigenfunctions ®,(X,.) of the self-
adjoint operators h’f(X). Since the operators hf(X) act on
the Hilbert fibers # y, it is convenient to call them fibers of
the operator H: H= [ p@ h/(X)dX.* The operator h*® I
acts as /° with respect to the slow, s, variables X and as the
identity operator with respect to the fast, f, variables Y.
The total wave function of the system in such an approach
is represented in the form of the expansion

¥(X)=Y f¢n(x;.)x,,(X) 3)

with respect to the eigenstates ®,(X;.) of the self-adjoint
Hamiltonian A/ (X) of the fast motion for all fixed values
of the slow variables X:

W (X)D,(X;.) =& (X)) D, (X;.), .
W (X;)=—Ay+ V/(X)Y).

The symbol = [ in (3) denotes a summation over the states
of the discrete spectrum & ,(X)€o,(h/(X)) and an inte-
gration over the states of the continuous spectrum
& (X) eac(hf (X)). If the functions are defined on a com-
pact set of values Y e M, they are all square-integrable, and
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the spectrum is purely discrete, as happens in the case of
the hyperspherical parametrization of space, for which
YeSM is a set of angles. In the general case, since the
scattering states @ (X;.)=P(%,X;.) form together with
the states of the discrete spectrum a complete set, they
must be taken into account in the expansion (3), although
they do not belong to L,. Thus, let BSX be a smooth
manifold of dimension N and the period denote the fast
variables Y € M, which belong to the space M of dimension
M. Depending on the particular formulation of the prob-
lem, we shall use either a compact or a noncompact base
manifold.

Substitution of the expansion (3) in the original Schro-
dinger equation

HY (X)=FE¥(X) (5)

and averaging over the fast variables Y of the moving
frame ®,(X,Y) leads to a multichannel scattering problem
for the coefficients y:

[—(VeI—id(X))’+U(X)®I—P]y(X)=0

(P=diag(p,)). (6)

Here, A(X) is the effective vector potential generated by
the basis functions:

A (X)=i(D,| Vx| D,). (7)
The effective scalar potential
UX)=U/(X)+ U (X)

consists of a
U/ (X) =diag{& ,,(X)},

diagonal potential matrix

S UL(X)= 3 (@, (X;.) [h (X)) | ®,(X;)) =F (X)),
n n (8)

the elements of which are identical to the energy levels
& ,,(X) of the Hamiltonian 4/ (X) (4) and a certain addi-
tional potential matrix U*(X), which is present only in the
system of equations (6) and depends on the slow variables:

Upm(X) =(®,(X;.) | P°(X,.) | ®,,(X;.)). (9

In general, the system of equations (6) is an integrodiffer-
ential system, since besides the summation over the states
of the discrete spectrum of the operator 4/ (X) it is neces-
sary to integrate over the states of the continuous spectrum
(scattering spectrum) of the operator h/(X). Thus, if n
and m label the discrete spectrum of the operator W (X),
the corresponding part ||4,,,(X)|| is 2 matrix, and if n and
m label the continuous spectrum of the operator (X),
then the corresponding part ||4,,,,(X)|| is an integral oper-
ator with kernel 4,,,(X), i.e., in general a generalized func-
tion, since the continuum functions {®,(X,.)} do not be-
long to L,. The problem of solving integrodifferential
equations is a common one for the method of strong chan-
nel coupling. In actual problems, one often makes a restric-
tion of the expansion to only a finite discrete set of states of
the spectrum, and this is more justified, the more rapid is
the convergence of the expansion with respect to some set
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of basis functions. The contribution of the terms omitted in
(28) can be taken into account effectively by using a pro-
jection technique of Feshbach type (see, for example, Ref.
43, in which allowance is made in the framework of the
adiabatic representation for the contributions of the chan-
nels closed with respect to the energy to the scattering
data).

The expansion (3) is valid if in each fiber F y the basis
functions form a complete orthonormal set {®,(X,.)} of
eigenfunctions A/(X), as follows from the requirement
that the operators 4/ (X) be self-adjoint for every X¢€ B:

(n|m)= fqi,‘(x, Y)®, (X,Y)dY=5,,;

(q|¢’'Y=6(q—q") (10)

Y ®,(X,Y)®!(X,Y')=8(Y—Y").

Note that the representation (3) of the total wave
function ¥ must be invariant under the unitary transfor-
mation

D, (X;Y)= 2 Pp(XY) Y p(X);

Ym(X)= 2 X%, (X)xp(X).

Using the relation between the basis functions {®} and
{®’}, one can show'! that the induced connection opera-
tor A really is a gauge field or an affine connection, i.e., that
on a change of the basis in the Hilbert space .# it trans-
forms in accordance with the rule

A =UAY " —iU '8, %.
In accordance with this, the extended derivative
D,=3,8I—id,(X)

that occurs in the effective equation (6) is called a covari-
ant derivative. Using what was said above, we define at a
certain fixed point X=X, the frame

le(Y))=|P(Xo;Y)). (11)

The moving frame |®(X;.)) is related to the fixed one
|e(.)) by means of the unitary bilocal operator

UX)=UXXo), 2T (X)=%""(X):
|®(X;.))=|e)% (X,Xy), % (X;X,)=/ (e|P(X;.)),
(12)

which realizes parallel transport of the frame from X, to X.
From the definition (7) of the operator 4 we obtain, with
allowance for (11) and (10),

A,=i%"'9,%.
Then the covariant derivative can be expressed in terms of
Y-

D,=d, I+ % '9,%
and
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X,

U (X, Xo) =P exp if ° A(X")dX". (13)
X

Since as a result of the gauge transformation the effective

scalar and vector potential matrices in (6) take the form

UX)=2(X)UX)Z ' (X), (14)

A'X)=UAY ' —i% 9x%, (15)

it is easy to show that under the transformation (13) the
matrix of the vector potential vanishes in the absence of
singularities of 4(.X'), and the matrix of the scalar potential
can be expressed in the representation of the fixed basis
|e). Then the system of equations (6) reduces to an ordi-
nary multichannel system of equations with potential cou-
pling
2

d
—a+ U'(X)—Py'(X,P)=0 (16)

for new coefficients y’, which are related to the old ones y
by

X' (X,P)=% (X)x(X,P). (17)

As is well known from vector analysis, by making a
gauge transformation on the vector potential one can
achieve its annihilation in the cases when curl 4=0. For
non-Abelian gauge fields, with which we shall deal in the
adiabatic representation, this condition corresponds to
vanishing of the matrix tensor

R,,=3,4"— 34" —i[4"4"]

(in geometrical language, R - is the curvature). Nontrivial
topological effects (for example, the Hall effect) occur pre-
cisely when R, 0. If the vector potential is singular at
certain points of the coordinate space X e B, for example,
at points of crossing of terms, then the vanishing of R,,, is
no longer sufficient to eliminate the vector potential at all
X. Here, we shall assume fulfillment of the condition
R,,=0 and the absence of singularities of A.

We can now apply the standard methods of the mul-
tichannel inverse problem for the system of equations (16)
if we know its corresponding S matrix S’ (P) and informa-
tion on the states of the discrete spectrum, namely, their
positions {E;} and normalizations {M}}. Because of the
unitary freedom in the gauge of the radial functions, it can
be shown that

Mj=M;, §'(P)=S(P). (18)

Indeed,* we substitute in the definition of the normaliza-
tion matrices M the connecting relation (17) and use the
unitarity of the matrices % (X). Then

© -1
M= J; F’(iK,I,X)F'(iK,l,X)dX}

0 —1
=[ f F(ik; . X)% ~N(X) % (X)F’ (iK; ,X)dX]
0

=M, ((ix;)>=E;<0). (19)
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An analogous derivation of the second of the relations (18)
was proposed in Ref. 10. As is well known, a symmetric
matrix S’ that is unitary with respect to the open channels
and corresponds to the system (16) is determined as fol-
lows:

S (P)=P~'2F" (P)(F ' (P))P% (20)

Using the relation (17) in the standard definition of the
Jost matrix functions # , (P), we obtain

F', (P)
=W{F' (X,P),®'(X,P)}=W{F (X,P),®(X,P)}
+2F* (X,P)A(X)®(X,P)

=WAF.(X,P),®(X,P)}=5 . (P). (21)

Here, @' and ® are the matrices of the regular solutions of
the systems of equations (16) and (6), respectively. The
tilde is used to denote the transpose. However, the S matrix
corresponding to the system (6) is determined by such
matrix Jost functions:

S(P)=P~\2F _(P)(F ,(P))"'P", (22)

The upshot is that, taking into account (21), we obtain
(18). So far, we have assumed that there is no quasicross-
ing of the levels & ,(X) responsible for violating the uni-
tarity of % at these points, no resulting singular terms in
(16), and no nontrivial geometric phase in the scattering
data.’®?” Berry'® demonstrated the existence of monopole
fields in simple dynamical systems that arise naturally in
the framework of gauge theory.!® If we wish to estimate the
linear integral (13) around a closed contour C, bringing X
back to X, after the circuit, it is better, using Stokes’s
theorem, to replace it by a surface integral:

e §A(X)dX=fJ’ BdS,
C N

where B=V XA (in our case B=R,,,). Since curl grad=0,
the result does not depend on the gauge transformation
A—A—Vy. Following the same logic, the surface integral
can be replaced in accordance with Gauss’s theorem by a
volume integral, for which we can expect a zero result,
since div curl=0. However, in the case of intersection of
the potential curves at a certain point of the R space, the
vector potential 4(X) is singular and the result of integrat-
ing around a closed contour is not zero. There arises a
geometric phase, which was encountered long ago in
atomic physics.!® However, it was explained in the cele-
brated study of Berry!® (see also Refs. 35 and 114). This
problem will be discussed later (Sec. 9). Here we consider
a simple example of the occurrence of a phase for free
motion in an N-dimensional space.

2.1. Geometric phase of free solutions in N-
dimensional space

Free motion in RY\ {0} is described in spherical coor-
dinates by the equation
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N-1

IV — AV —X W ¥=EV
) (23)
(XeR, XesV ).

We rewrite this equation in terms of the extended deriva-
tive D(X)=0y—id(X):

[(=0x+vX D)2 4v(v—1)X2—X"V;]V=EV.
(24)

Here, v=(N—1)/2. Since

AdX=ivX"'dX=i%'du,
we obtain % =X". In accordance with (17), we introduce
the new functions ¥':

V=7 "W =x""V.
After substitution of such a ¥ in (24), we obtain an equa-
tion for W’ without a first derivative:

— R +v(v— )X —X VRV =EV".

The nonvanishing centrifugal barrier v(v—1)X 2 is asso-
ciated with the defect of the embedding of the sphere S" "
in R¥\{0}. Only for one-dimensional, v=0, and three-
dimensional, v=1, spaces is this absent. The presence of
the barrier v(v—1)X~? leads to the appearance of a topo-
logical phase §, which is readily found by calculating the
integral by means of the rules of contour integration:

(25)

vdX
8=Im J AX)dX=Im J- —=TV. (26)
c c X

We now consider an N-dimensional scattering problem
with a spherically nonsymmetric perturbing interaction
V(X). Let the radius X€R', of the “sphere” S”~' be the
slow variable, and the angles XeSN ! be the fast variables.
Then the parametric fast equation (4) can be rewritten in
the form

W (XX, (XX) = [~ X Vg+ P/ (X,5) 10,(XK)

= ,(X)P,(X:X), 27

and the system of slow equations (6) will take the form

[—(3x—id)*+v(v—1) X2+ U(X) —P]x(X,P) =0,
(28)

U(X)=U(X)+ (P | (X,X) | D). (29)

The matrix elements of the effective vector and scalar po-
tentials are obtained by averaging over the angles of the
moving frame |®(X;X)), which satisfies (27).

3. MULTICHANNEL INVERSE PROBLEM

In the generalized approach of Marchenko,'® ! with
the reference potential V(X )40, the basic matrix equa-
tions of the inverse problem that correspond to the system
of equations (16) are

KX +Q(X,X")+ f: K(X,0)Q(4.X")di=0,
(30)
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. d
U'(X)=U"(X) -2 75 K(X.X), (31)

F'(X,P)=F'(X,P)+ Jw KX, X")F' (X' P)dX'.
X
(32)

The matrices of the Jost solutions F’(X,P), F'(X,P) are
related to the Jost solutions F (X,P), F (X,P) of the system
of equations (6) or (28) in accordance with (17). The
system of Marchenko equations (30) can be solved for the
matrix kernel of generalized shift K(X,¢) for the known
kernel Q(X,t), which is dgtermmed by the scattering data
S'(P), {M; 2}, {E;} and S'(P), {M i+ {E,l} correspond-
ing to the system of equations (16) with potential matrices
U'(X) and U'(X):

1 © 2 n .
QXX = f FXPS (P~ (P F’

N _
X (X', PYdP+ Y F' (X, i) My F ' (X' ik;)
A

N

- %ﬁ'(X,i&l)Miﬁ’(X’,i&,l). (33)

The Jost solutions £’ (X,ik;) and F'(X,ik;) of the system
(16) Wlth the matrix U ’(X) must be taken at the energies
E; and E; of the bound states of both problems with
U’'(X) and U’ (X), respectively.

3.1. Reconstruction of the interaction potential V°(X)
characterizing the slow dynamics

We first investigate the simplest situation in which the
potential ¥/(X) is known in advance. In the three-particle
problem, this could be an effective potential
v/ (X) =3_,V.(X) equal to a sum of two-particle poten-
tials. It is necessary to determine the additional potential
V*(X). (In the considered example, V*(X) ="V (X) is
the potential of a three-particle interaction.) We shall as-
sume that the amplitudes ff(P X)=f(P, X) and f(P, X)
are known. For each fixed value of the slow variable X we
determine from the solution of the direct eigenvalue prob-
lem for Eq. (4) the frame functions ®,(X, X) and the
terms & ,(X), which depend parametrically on X. Besides
the parametric Sturm-Liouville problem, we can consider
for Eq. (4) scattering problems or problems with periodic
boundary conditions. From the known basis functions
®(X;.), we find the matrix elements of the connection op-
erator A(X) (7), and then, using Egs. (13) or (11), the
bilocal transport operator % (X). The unitary operator
% (X) enables us to go over from the system of equations
(28) to the system (16) with as yet an unknown potential
V(X;.)=V°(X;.) in the matrix elements of the fixed frame
|e).

The physical asymptotic behaviors of the solutions of
the system of equations (28),
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XX,P) - —(20) Yexp(—i(X,P—my/2)) ®1
X-w

—exp(i(XP—my/2))P~2S(P)RY?},
(34)

are determined by the known asymptotic behavior of the
total wave function:

Y(X,P) - (27)~¥>"[expi(X-P)
X

— X" lexp i(XP—7y/2) f(X,P)].
(35)

We have introduced y=v— 1, using the traditional form of
expression, in which one separates the part of the phase
without the defect of the embedding of the sphere S’eR>;
S (P) is a symmetric S matrix,

S(P)=P2S5(P)P~12, §=§, (36)

unitary on the open channels.
Smce we assume that the amplitudes f (X P) and
f (X,P)= =f/(X,P) are given, we find the corresponding

matrices S’(P) and S (P), using the relations (18) and
the relationship between the total multidimensional ampli-
tude and the partial amplitudes:*’

A 4 A -
FEP) =5 3 8,(R,0) Fum(PYO(—Pyco),

" " R (37)
fuom(P)=(S(P)—I-1),,P "7,

where 1 is the operator of complete inversion in RV\0;
Sp)=Is(p), (38)

and S is the ordinary scattering operator.

It has been assumed here that the system of equations
(28) is finite. If a complete set of states is included in the
expansion (3), it is exact. Usually, the expansion (3),
which in the general case contains states ®(X,.) of the
discrete and continuous spectra of the Hamiltonian n , IS
restricted to a finite (incomplete) set of N states.

The contribution of the omitted terms in (6) can be
taken into account by using a projective technique of
Feshbach type.*® This leads to the appearance of additional
potential terms in a system consisting of a finite set of
“slow” equations. A system of a restricted number of equa-
tions was investigated in Ref. 115. The contribution of the
remainder terms was ignored, assuming that they are
small.

The basic generalized equations of the multichannel
inverse Gel’fand-Levitan-Marchenko problem (30)—(32)
now make it possible to determine the potential matrix
(e| *(X, X) |e) and the matrix solutions corresponding to
it.

112,113

Returning to the representation in the basis ®(X,.), we
obtain the following relations in Marchenko’s approach:

U(X)=U(X)-U’/(X)

d
——202/_1(1’) ax K(XX) % (X), (39)
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F,(X,P)=%"YX)F' (X,P)

=% F' (X,P)

- f K(X.X)F' (X',P)dX’|. (40)
Here, % X)=2 X X) (it is convenient to choose
X- ), F (X,P) are matrix Jost solutlons of the system
of equatlons (16) with potential matrix i (X)=U0' '(X ).
The physical solutions of the system (6) or (28) are
obtained as a linear combination of the Jost solutions:

X' (X,P) = — (2i) " {F~ (X,P)
—F*(X,P)P~'2§(P)P"/%}. (41)

The matrix Gel’fand-Levitan equations differ from the
basic Marchenko equations only by the sign in (31) and
(39) and in the limits of integration in (40), (30), and
(32):

U(X)=UX)-U/(X)

—2@“‘(X) KGL(X,X)@/(X), (42)
®(X,P)=2 1 (X)®'(X,P)
=7~ 1(X)|®'(X,P)
X o
+ f KCL (X X")®' (X', P)dX’|, (43)
0

where K°L(X,X’) is the matrix integral kernel of the
Gel’fand-Levitan equation,

Kt (x,x") + 0%t (x,x")

X
+ f KM (Xx,Y)Q%M(Y,X")dY =0, (44)
0
and it is determined from the given Q%L(X,X’):
oL (X, X')= f‘” &' (X,P)d(p’'(P)— ' (P)) &' (X",P).
o (45)

Here, p’'(P) and p’(P) are the spectral matrices corre-
sponding to the system (16):

dp’(P)
P2\ 5py) 7 B0,

dE
(46)
dp (P)

=Y 8(E—E;)0;, E<O.
A

The normalization matrix O is determined by the relation
-1

o;:l L‘” | P fax| (47)

and the matrix regular solutions ®(X,P) of the system of
equations (28) by the boundary conditions
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lim®(X,P) X~ ¥+ =1, (48)
X0
where % is the hypermoment.
Because ¥ '(P)=% (P) (21), we obtain, as in the
case of (18), p’(P)=p(P) and O} = O;,.

4. MULTICHANNEL EXACTLY SOLVABLE MODELS

For potentials of Bargmann type, the kernel Q(X,X")
can be represented as a sum of factorized terms, by virtue
of which the systems of integral equations (30)-(32) re-
duce to algebraic equations.

Note that in the construction of exactly solvable mod-
els by the methods of the inverse problem it is necessary to
satisfy requirements on the scattering data, under which
they correspond to the corresponding boundary-value
problem for the Schrodinger equation or system of Schro-
dinger equations, in the given case (28) and (34), with a
local and bounded potential matrix:*

walU(X)|dX<oo, fw|U(X)|dX<w. (49)
0 0

On the basis of the results of Ref. 117, it is easy to write
down an algebraic scheme for solving a multichannel in-
verse problem in the adiabatic representation.

We consider a fairly simple situation in which the re-
quired potential U°(X) adds a few bound states, leaving
the scattering data or the spectral characteristics of the
problem (28) with the potential matrix U’/ (X )=U(X)
unchanged. This can correspond to a form of the inverse
problem on the complete axis in the Marchenko ap-

proaches with S (P)= S (P):
N ~
QM(X,X')= 2 F'(X,ik)) M{F ' (X',iKz)
A

=F'T(X)MF'(X") (50)

or to the radial problem in the Gel’fand-Levitan approach
with equal spectral matrices p(P)=p(P) for E>O0:

N ~
oL (X, X") = ; D' (X,ik;) 0, D' (X',iK;)

=&'T(X)0d' (X'). (51)

In this abbreviated notation, the kernel Q(X,X’) is a “su-
permatrix” with respect to both the indices A of the bound
states and the indices a of the channels. We first used such
a notation in Ref. 118, which was devoted to analytic so-
lution of an inverse problem in the R-matrix formulation.

In the relation (50), the column vector F (X) and row
vector F T(X) are formed from N elements F (X,ik;), each
of which is an m X m matrix with respect to the channel
number a; M is an N XN diagonal matrix of normalized
coefficients, the elements of which are also m X m matrices.
The relatlon (51) for QGL(X ,X') is expressed similarly.
Here, <I>(X ) is a column vector and <I>T(X ) is a row with
respect to the indices A of the bound states, their individual
elements being m X m matrices of regular solutions with
respect to the channel states. The transposed matrices with
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respect to the channel numbers a are denoted by & and

F, in contrast to ®7(X) and FT(X) with respect to the
indices A.

4.1. Factorization of normalization matrices

We study a question relating to the properties of the
normalization matrices of the bound states. Since the sys-
tem (16) is an ordinary system with a Hermitian-conjugate
potential matrix, its physical matrix solutions satisfy the
completeness relation

(2/m) f: x' (X,P)x'N(X,P)dP+ Y x' (ix; . X)X (ik3,X")
i

=186(X—X"). (52)

By virtue of the reduction of the system (6) to (16), the
formulation of the inverse problem has been made possible.

The solution vectors corresponding to bound states can
be orthonormalized:

f: TG, X0y ik X)dX =8, (53)

Written out in full, this last relation takes the form

z J;) X;(’Kﬂ. sX)X;'(iK/V X)dX=6,;.

Each element of the vector |/ (ik;,X)) with respect to the
channel indices is obtained as a linear combination of ele-
ments of the matrix of Jost solutions:

|x' iy X)) =F" (ik3,.X) | ) (54)

or

|xi iz, X)) = ZF,',(mbX) A
Then
(' Uik . X) | x' (iky, X))

_ <F/1‘ L‘” ﬁ’(iKA,X)F'(iKA,X)dX'FO —1

Hence

. -1
fo F'(ixA,X)F'(m,X)dX] =TT | =M,
(55)

i.e., the normalized matrices of the states of the discrete
spectrum can be represented in a form factorized with re-
spect to the channel indices.

The factorization of the normalization matrices of the
regular solutions is analogous:

0= |C){Cy]. (56)

The use of (55) and (56) in (50) and (51) makes it pos-
sible to represent the matrix kernel Q(X,Y) as a sum of N
terms, factorized with respect to both the coordinates and
the channel indices, and as a result of this it is possible to
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give simple analytic expressions for potential matrices of
Bargmann type and the solutions corresponding to
them, 117119

4.2. Algebraic relations of the inverse problem

Bearing in mind the factorization of the normalization
matrices in Marchenko’s approach, we can write the kernel
Q(X,X’) in the form

N ~
oM(X X')= % F'(X,ix;) | Tz) (r,l’ F'(X',ix;)

N
= ; ,f'(X,iK,l) ) ' (X'iky) |

=)2'T(X))2'(X'). (57)
We have here used the notation
X (X,iky) ) =F" (X,ixz) | T2) (58)

or, in component form,

m
X (Xoi) = 2 Fl(X,i)v} -
1

We can write in the same factorized form as (57) the
kernel Q8T of the Gel’fand-Levitan equations; here, the
vector |y’) (58) is replaced by | )”(’GL), which is combined
from matrix elements of the regular solutions ®’:

¥'OL(X,ixy) ) =D (X,iK;) | Cy). (59)

We give algebraic relations for the matrix kernel of
generalized shift K(X,X’) of the potential matrices and
solutions,!!” which are now obtained from the basic equa-
tions of the inverse problem (30)-(32), which is no more
complicated than in the single-channel case. The orthogo-
nalization matrix K(X,X’), like Q(X,X’), can be repre-
sented as a sum of factorized terms:

N
KMXX')=— ; |x’ (X,ik1) Y X' (X7 icz) |

=—x'"T(X)¥' (X", (60)

where each element of the vector of solutions (54) is found
after the substitution of (57) and (60) in (30):

N

Iy’ (Xoiky)) = 2 | ¥’ (X,ix,) ) Pyl (X). (61)

At the same time, the matrix elements P,;(X) do not de-
pend on the channel indices:

Py(X)=8,+ X L X (X", V(X iky)dX'.
! (62)

Then
K(X.X")=—y'T(X)P1(X)¥' (X'),

or, in matrix form,

(63)

Kj(X.X")=— 2 %] (X,iK,) P (X) 0 }(X"siky).
VA
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As follows from the relations (31) and (32), the Barg-
mann potential matrix and the Jost solutions for all mo-
menta P can be expressed in the form

d

U'(xX)=0"(x)=2 E)E’T(X)P'I(X)i'(X),
("X =07 (x)), (64)
F'.(X,P)=F'_(X,P)—3'T(X)P~'(X)

% f: ¥ (XOE (X', P)dX’. (65)

Note that if we do not take into account the separabil-
ity of the normalization matrices M and C with respect to
the channel indices (55), (56) and, therefore, of the ker-
nels @™ and @ (57) not only with respect to the coor-
dinates but also with respect to the channels, then in the
calculation of each of the matrix elements of K, U, F__ it is
necessary to invert Nm X Nm matrices, as was shown in
Refs. 119 and 117. Thus, although a normalization matrix
did appear in factorized form in Ref. 120, it was not used
to simplify the expressions of the multichannel inverse
problem.

The derivation of the relations (64) and (65) for a
level shift realized in problems with different potential ma-
trices U(X) and U (X) is analogous. In this case, the re-
lations (57) for Q¥ and Q' are written down with sub-
traction of one further sum of factorized terms, which are
determined by the spectral characteristics {¥;,k,} of the
original potential matrix U’ (X):

N .
oMXX") = ;ﬁ"(x,m) |T) ( F11| F'(X'iK;)

N ~
_ ZF'(X,i@,)}fA (Lo | F'(XiRky0).
AI
(66)

Accordingly, in the kernel KM (X,X’) (60) there is also an
additional sum of factorized terms:

N
KM(XX')=— 2/1: |x’ (Xiky) <)2'(X’,iK/1)’

N
+ 3 e it ) WXk, (67)
AI

With allowance for these changes in the kernels Q and K,
the derivation of the relations (64) and (65) is repeated
trivially. Cases with a rational Jost matrix can also be re-
duced to an algebraic procedure. The potential matrices
and solutions can be obtained in a similar way in the
Gel’fand-Levitan approach and in the R-matrix inverse
scattering problem.'”

After the determination of the potential matrix U’ (X),
using a connecting relation analogous to (17) for the ma-
trix functions

X' (X,P)=% (X)y(X,P) (68)
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we find in accordance with the expressions (39), (42),
(40), and (43) the potential matrix U(X) of the system of
equations (28) with extended derivative and its corre-
sponding matrix of solutions

C(X)=UX)-UX)=22"1(X)

d T 1
( VTP (XY (X))%(X) (69)

or, in matrix form,

d
(X,X')—Z z 02/11' (dX % (X’Kv) /1 (X)

X (X',iKky) ) % /(X),
F,(X,P)=F _(X,P)—yT(X)P~'(X)

X f‘” YXOE (X', PYdX", (70)
X

P=diag(P;), k;=diag(k;);, (ik;);=E;—& ;.

Note that the transport matrices % (X X) in (68) and
(17) are the same, since they are defined on the same basis
functions |®) and |e).

Since the functions of the parametric basis are known
and form the complete set (10), we can also determine the
multidimensional potential

V(X,X)= f sX—-X)V(X,XX")dX’,
by using the expression

v (X,X)=V(X,X)— V¥ (X,X)

d
—22<1>(XX) 2 % ; (X)ﬁ'

x ( S 2 Kk, ) P COR (X i) Y 1 j(X))
vA

><¢*(X)‘(). (71)

In the general case, the potentlal ¥ is nonlocal with re-
spect to the angles X and X':

FXXX) = 2 Q(XX)Uy(X) DX X').
ij
We now consider the more complicated problem of the
construction of both ¥*(X,X) and ¥/(X,X) from known
scattering data or the spectral characteristics of the origi-
nal multidimensional problem.

4.3. Reconstruction of the interaction matrix V' of
the fast dynamics

From the set of scattering data {S (P),x;,M;}
we reconstruct the potential matrix v’ (X)
=% (X)h'(X)% ~'(X) and find solutions y’ of the sys-
tem (16) in accordance with the usual or generalized mul-
tichannel Gel’fand-Levitan—-Marchenko expressions (30)-
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(32). We then find the bilocal transport operator % (X)
and the terms & (X) by solving the algebraic eigenvalue
problem'!

U'X)2%X)=2 (X)) (X)=% (X)€(X). (72)

Thus, we have obtained a method for finding terms
from the solution of the multichannel inverse problem, and
not from the direct problem for the reference equation
(27), as in the previous case. Knowledge of % (X) also
enables us to reconstruct the matrix of the effective vector
potential (7):

A(X)—z@—‘(X) @(X), (73)

which is responsible for the appearance of a velocity-
dependent potential.

Using the technique of degenerate kernels presented
above, we give an example of an exactly solvable model for
the system of equations with respect to the slow variables
(16). To achieve the greatest simplicity, we shall in recon-
structing ¥/(X) take as the reference potential V(X) 0.
For reflectionless potentials with respect to the slow vari-
able there remains in QM (X,X’) only a sum over bound
states. We restrict ourselves to considering the example of
“transparent” potential matrices in Marchenko’s approach
with one bound state A=1, E,= —K§ +¢; for the system
(16). Then

Flj(in,X) =exp(—&X)8;;, X' (X,ik;)=exp(—xX)y;.

(74)
Using the relations (61)-(63), we obtain
o exp(—KkX)y,
XX ) =S m T ey exp(—2X) (75)
— kK, v, —k. X
Ky (txn) = -SRI S R) 7

14+ 37(v2/2¢;)exp( —2k:X)

For the elements of the potential matrix and the solu-
tions, we obtain from the expressions (64) and (65) ex-
plicit relations that are the multichannel generalization of
the relations for potentials of Eckart type:

, d exp(— (k;+«;)X)
f
Uiy X =¥y ax 1+2”'(‘y2/2K,)exp( %X) |’

(77)

F'*(k,X) =exp( ik X)6;;

Yy exp(—«k;X) [ ¥ exp(— («;» £ik;)) X' )dX’
1+ 2" (v /2k;) exp( —2k.X)

(78)

The summation here is over the number m of terms & ;(X),
which can be found by implementing the diagonalization
procedure (72) for the potential matrix (77).

We consider, for example, a two-channel exactly solv-
able model. Let U’ be reconstructed in the explicit form
(77); the channel indices take only the two values i, j=1,
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2. From the procedure (72) for diagonalizing the potential
matrix U’, 2 "' (X)U’'% (X) =% (X), we obtain % (X),
& (X), and 6(X):

( cos 6(X) sin6(X) )

20=| _¢n 5(X) cos 8(X)

where
6(X)= f Ap(X)dX'.
X

It follows from these relations that

&1 cos’8+&,sin’6 (€,—&,)cos 8sin
((gl—ffz)cosésiné ?flsin28+$200526)

_(Uil Ufz)
Uy Up)

We then have

tan 26(X) Ua(X)
n =T n ’
UL (X)—Upy,(X)
UL(X)+Uyp(X)  Uj(X)
¢1(X)= 2 ten26(x)’
Ui (X) + Up(X)  Ujp(X)
&2(X)= 2 “sin 26(X)

This is a beautiful model for investigating the problem of
term crossing using analytic expressions of the form (77).
To reconstruct the multidimensional potential v/ (X),
it is necessary in the second stage, using the spectral data
{s(X,k),% (X ),yf(X )}, which are functions of the slow
variable X, to formulate a parametric inverse problem for
the recovery of 124 (X,.) and ®,(X,.) for the fast dynamic
equation (4) or (27) for each fixed value of X. For the
parametric family of inverse problems, one can, as for or-
dinary problems, develop a technique of Bargmann poten-
tials, making it possible to construct in explicit analytic
form the solutions ®,(X,.) and the potential ¥/ (X,.).

5. PARAMETRIC FAMILY OF INVERSE PROBLEMS
FOR THE FAST DYNAMIC EQUATION

We consider the parametric formulation of the inverse
problem for the example of reconstruction of the two-
dimensional potential v/(x ). In Cartesian coordinates,
we write Eq. (4) with respect to the fast variable y for each
fixed value X=x of the slow variable in the form

&L
~Z7+ V() + V7 (xp) |[$(x) =& (x)P(xp).
(79)

Since the completeness of the set of eigenfunctions (10) is
important in the formulation of the inverse problem, we
use it for the physical normalized eigenfunctions of Eq.

(79), which depend parametrically on x:
¢(x;k’)’) =f— (x;k,}’) —s(x;k)f+ (x;k)y)9 (80)
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Yk, (x),9) =¥a(x) f 1 (iKky(x).p), (81)
and for the regular solutions
$(x;k.p) =;:.,—c [f- (%K) f 1 (xkp)
—f+ (k) f_(xk.p) ] (82)
The S matrix
s(x;k)=f_(xk)/f  (x;k) (83)

is determined by the Jost functions f , (x;k), which depend
on x as on a parameter:

[+ (xk)=lmf, (x;k,p).
y—0

(84)
As usual, we determine the normalization y2(x) of the

terms & ,(x) through the Jost solutions for k=ixk,(x).
With allowance for (11), we obtain

2 x) = fo ® | k(%)) |2dy

=S 2y [ 1O 2w, 85)
Jj 0
or
v )= 2 U (MU (%)
J

Realizing the derivation of the generalized equations of the
i{lverse problem (Refs. 82, 39, 110, 111, and 109) for
¥/ (), we obtain the parametric expressions

w0 (y)
K(xpy')+Q(xpp') + f o K(xyy')
¥y

X Q(x;y",y")dy" =0, (86)
: d
V (xp)=V/(y)F2 d—yK(x;y,y), (87)

A @ (») o
Plxsky) =P(kp) + fy(o)’ KCepy )iy )dy'.  (88)

The limits of integration in (86) and (88) and the signs in
(87) depend on the particular approach to the inverse
problem. The limits from y to « (from y to @) in (86) and
(88) and the minus sign in (87) correspond to Marchen-
ko’s formulation (R-matrix inverse problem, Ref. 39). The
limits [0,y] in (86) and (88) and plus sign in (87) corre-
spond to the Gel’fand-Levitan approach.

In the framework of the generalized Marchenko
approach,'®® we construct the integral kernels
QM (x;y,y’), which depend parametrically on x,

1 (e \ .
QY (xyy") =5 f [$(k) —s(x;k) ] f(k.p) f(ky')dk

+ 2 72(x) F iy (x) ) f(iKn(x),9")
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— 2 ) F (iR, (X)) FURR(X),p"),  (89)

using two sets of scattering data: {s(x,k),g,,(x),yf,(x)},
which correspond to Eq. (79) for each value of the param-
eter x, and the ordinary scattering data {s"(,k),g,,,ﬁ},
which correspond to (79) with v/ (x;y)=0:

2

i V() |d(ky) =8 (x)d(k,p). (90)

The functions f (k,y) are the ordinary Jost solutions of Eq.
(90) with the known potential 12 (»). From the integral
kernels KM (x;y,y"), with respect to which the linear inte-
gral equation (86) is solved for each fixed x, the potentials
(87) and the Jost solutions (88) are determined.

We construct similarly a parametric family of kernels
Q%L(x;3,y") of the integral equation that generalizes the
Gel’fand-Levitan equation:

Ot (xyy') = f: S (k) (ky)d[ p(x:k) — (k)]
+ 2 A(x)ir, (x),p) ik, (x),p")

— 2 E(x)P(iR,(x),p) (iR, (x) ). (91)
The spectral function p(x;k) is determined by the Jost
functions [ (x;k):
2k
7f_ (k) f1(xk)’

and the normalization c2(x) by the regular solutions
¢ (x;k,p) for k=ik,(x):

p(x;k) = (92)

-1

Cf,(x)=l fw |6 (K, (x),p) Izdy} . (93)
0

The connection with the ordinary normalization coeffi-
cients is readily established after we have substituted in
(93) the relation (11) that connects the moving frame to

the fixed frame:

A(x)= 2 U (X)INT% (%), N72= J-w 1€SL(p) | dy.
’ ’ (94)

The spcctral characteristics {p(k)c,,, ot and the regular
solutions ¢(k,y) correspond to Eq. (90). After we have
solved Eq. (86) for KGL(x,y,y ), we use the expressions
(87) (lower sign) and (88) (limits [0,x]) to find the po-
tential and regular solutions of Eq. (79).

Similarly, we can derive the relations of the parametric
family of inverse problems in R-matrix scattering
theory.!212 It follows from the expressions that we have
given that for one-dimensional fast motion we can recon-
struct a two-dimensional potential with parametric depen-
dence on the slow variable and as a function of the fast
variable. We use here scattering data with parametric de-
pendence on the coordinate variable. In the complete for-
mulation of the inverse problem, when the initial data take
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the form of a multidimensional amplitude, the dependence
of the spectral parameters on the slow variables is deter-
mined from (72) after the reconstruction of the potential
matrix U/ (x) in the solution of the inverse problem for
the system (16), which describes the slow dynamics. One
can also consider model problems by specifying a func-
tional dependence of the spectral parameters in order to
study the geometrical aspects of multidimensional and
many-particle quantum scattering theory. Thus, the use of
the technique of the adiabatic representation makes it pos-
sible to increase the dimension of the space for which for-
mulation of an inverse problem is possible. In the following
section, we shall apply the technique of Bargmann poten-
tials (Refs. 38, 39, 82, and 123) to the parametric family of
inverse problems for Egs. (79).

6. BARGMANN POTENTIALS WITH PARAMETRIC
DEPENDENCE ON THE SLOW VARIABLE

To the Bargmann potentials for the ordinary one-
dimensional Schrodinger equation there correspond ratio-
nal Jost functions

. H k—ia 95
ro=1l 55 (95)
Then the kernels of the integral equations of the inverse
problems separate,

N

Oy ) = Z AW, (96)
1

and the equations themselves reduce to algebraic systems

and can be solved explicitly if the reference potentials 14 ¥)

admit analytic solutions.

We now construct a large class of potentials for which
we can find in a closed analytic form solutions of the para-
metric Schrédinger equation (79). By analogy with (95),
we choose the Jost function in rational form, but it now
depends parametrically on the dynamical slow variable x
through the dependence on it of the spectral parameters:

k—ia(x)

fe = I sy (97)

The parametric Jost function (97) has N simple poles at
the point k=iB;(x) and N simple zeros at k=ia;(x).
Moreover, a(x) contains not only zeros on the imaginary
half-axis, corresponding to bound states, Re & i(x)=0, Im
k;(x) >0, but also zeros in the lower half-plane with Im
v j(x) <0 (the number of simple poles B f is equal to the
number of k y and v; values taken together). Then the S

j
matrix and spectral function take the form

(k—Ha(x) ) (k+iB(x))
—iB(x)) (k—ia(x))’

(k—iB(x)) (k+iB(x))
(k+ia(x))(k—ia(x))

The functlons $(k) and p(k) are known, smce the poten-
tial V(y) is known; in the special case, V(y) 0. For
s(x,k) and p(x,k) such as (98) and (99), the kernels

s(xk) =5(k) H (98)

pxsk)=p(k) I1 (99)
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Q(x;p,y") of the integral equations of the inverse problems
degenerate and can be represented as sums of several terms
with factorized coordinate dependence with respect to the
fast variable:

N

Q(xyy) = X Bi(xp) Bilxy"). (100)
I

After the substitution of such a kernel Q in the basic para-

metric equation (86) of the inverse problem, it is obvious

that the kernels of generalized shift K(x;y,y’) also become

degenerate:

N
K(xpy')= 2 Ki(xp) Bi(xp"). (101)
1]

As a consequence of this, the integral equations become
algebraic, and the spherically asymmetric potential and the
solutions corresponding to it can be expressed in closed
form in terms of the known solutions of the nonparametric
problem (90) with potential Iof(y) and in terms of the
spectral characteristics of the two problems (90) and (79):

the nonparametric one with potential 14 y) and the para-
metric one with potential V(y)+ V(x,y). We shall con-
sider several examples of the use of Bargmann potentials.

6.1. Determination of analytic solutions in the
Gel'fand-Levitan approach

Suppose that for E> 0 we have p(x;k) =p(k) and that
there is only one bound state & (X) = —i?(x). To achieve

the maximum simplification of the problem, we choose the
reference potential ¥/ (y)=0. To this case there corre-
sponds the Jost function

—ik(x)

flxk) = k+lK(x)

(102)

Hence, as follows from (74), p(x,k) =2k/7=p(k). Then
from the relation (87) we obtain

sinh[k(x)y]sinh[k(x)y’]

05T (xyy') =c*(x) perps . (103)
ih ,
K (xpy) = = (x) ¢ (ix(x),p) M, (104)
k(x)
k(x)sinh(x(x)y)
¢ (in(x).y) = T k3 (x) +1/2c*(sinh (2x(x)y) /2k(x)) —p
(105)

Finally, taking into account (105) in (104) and substltut-
ing the result in the relations (88) and (87) for V( y)=
we obtain in explicit form expressions for the solutions for
arbitrary k and for a two-dimensional potential V(x;y)
with parametric dependence on x:

y sinh[k(x)y’]sin ky'dy’

o (x;k,y) = —cz(x)¢(m(x),y) e
_sin ky cz(x)sinh(x(x)y) [k(x)cosh(k(x)y)sin ky—k sinh(k(x)y)cos ky]
kT AR R [R6) + 17280 (Smh e (203 /26 () —3] (106)
V)= 2x(x) [y/2—c72(x)K*(x)] —2 sinh?(x(x)y) 107

[e=2(x)x*(x) +1/2[sinh (2k(x)y)/2k(x) ] —y]*°

We can verify the method of construction as follows. Go-
ing over in (106) to the asymptotic form as y— « and
separating the terms with exp( +iky), we find the coeffi-
cients of them. These are the Jost functions f, (x;k),
which are identical to (102). From them, using the defi-
nition (83), we construct the parametric s matrix

fo(xk)  (k+ix(x))?
fe(xk) — (k—in(x))*

To the example with m bound states and potential
V(y)+0 there corresponds

s(x;k) = (108)

—iKk,(x)

fr(xk)=Fk) H )’

(109)

where the terms & ,(x) = —Kf,(x) are found by solving the
multichannel system of equations with respect to the slow
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variables and the subsequent diagonalization (72). It is
easy to write down the m-term generalization of the ex-
pressions (103)—(107). The kernels of the basic Gel’fand-
Levitan equation (86) are written in the form

m
Q%L (xpy') = 2 ch(¥)lLiny(x),y1$Liny(x)y'],

" (110)

m

K (xpy') = — X ch(x) ik, (x),p)bliK,(x),y'].
" (111)
After this, using one of the relations (86) or (88) of the
inverse problem, we obtain the solutions ¢[ixk,(x),y] for the

bound states & ,(x) = —k%(x); they depend parametrically
on the dynamical variable x:
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$liny(x),p] = X dlin;(x) .1 P}, (xp), (112)
J

where

Py () =8,y+ & fo " B Lina (). 18 Lin; (x)," 1dy".

Then, substituting the expression obtained for ¢[ik,(x),y]
in the relation (112) for the kernel KGL(x;y,y’) and using
the relations (86)—(88) of the parametric inverse problem,
we obtain in closed analytic form expressions for the po-
tential and solutions:
d2

Vixy)=-2 e In det||P,;(x;p) |,

(113)

$(xkp) =d(ky)— X X dlix;(x),y1P;, (xp)
noj

Y o °
xf ik, (x).y' 10(k,y’)dy’.
0

The investigations are readily made in spherical coor-
dinates by choosing as the fast variable the angle and as the
slow variable the coordinate and vice versa.

6.2. Determination of analytic solutions in
Marchenko’s approach

To reflectionless (transparent) potentials with respect
to the fast variable there corresponds a one-dimensional
inverse problem on the complete axis — o <y < oo with
reflection coefficient equal to zero: s'=0. The transmis-
sion coefficient s*, which has absolute value 1, has the form
of a rational fraction:

PIETI | s

y=se) s

We note that different forms are possible: potentials that
are transparent with respect to both the slow and the fast
variable, transparent along one of them, trapping along one
of the coordinates or both, and there are similar treatments
with rational Jost functions.

The inverse problem on the complete axis is similar to
a two-channel problem with two coupled basic integral
equations. However, since V(x,y) can be expressed in
terms of the kernel K (x;y,y’) of the one integral equation
as well as in terms of the kernel K, (x;p,p’) of the other, it
is sufficient to find one of the K;(x;y,y’) using an expression
identical to (86). Then in Q™ (x;y,y’), which is determined
here for V(y) =0 in accordance with

1 (e
(o) =5- [ stskresplik(ry))dk

— o

+ 2 Yi(x)exp(—k, (x) 7 +1")),

(115)

there remains only the contribution from the states of the
discrete spectrum:
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QM(xpy') = 2 VA(x)exp(—k,(x) 7+y')).  (116)

Similarly, for K¥(x;y,y’) we have
KM (x;p.p") = — X v2(x) f(iK,(x) ) exp(—k,(x))').
" (117)

For the Jost solutions for k=ik,(x) we obtain from (86)
the system of algebraic equations

S (K, (x),y) = Z exp(—k;(x)p) Py, (x9) (118)
J

with a matrix of coefficients P;,(x;y) that depend paramet-
rically (through the spectral parameters) on x:

Ya(x)exp[ — (ky(x) +;(x) )p]
Kkn(x) +K;(x) )

P (xy)=8,;+
(119)
Substituting f(ik,(x),p) in KM(x;y,y') (117) and using
(87) and (88), we obtain
&
V(ixyp)=-2 W In det”P,,j(x;y)“, (120)

fo(xky) =exp(+ikp) + 2, vA(x)exp(—k,(x)y)
nj

exp((—x;(x) +£ik)y)
k;j(x) Fik

XP,,_jl(x;y)
(121)

In the case of one bound state, we obtain an expression for
the generalized Eckart potential:

2k (x)V*(x)exp(—2k(x)y)

14+ (A (x)/2k(x) Yexp( —2k(x)y) ’
(122)

V(xyp)=-2

which can be transformed to a simpler form by using the
substitution exp(2«(x)y,) =7¥*(x)/2«(x) and the transfor-
mation

{1+exp[ —2x(x) (y—yo(x)) ]}?
=4 cosh?[k(x) (y—yo(x)) Jexp[ — 2k (x) (Y —yo(x)) 1,
(123)
K2 (x)

"~ cosh?[k(x) (y—yo(x))] "

V(xy)=

The Jost solutions that correspond to it on the trajectory of
the varying bound state —«*(x), and also for arbitrary
values of k, can be written in the explicit form

exp(—«k(x)y)
exp[ —2«(x) (y—yo(x))]’

SlKk(x),p)= (124)
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fi (x;k,}’)
=exp(iky)

B exp[ —2k(x) (y—yo(x))]
14exp[ —2x(x) (y—po(x)) ] (k(x) Fik) |
(125)

Xil

6.3. Parametric family of phase-equivalent potentials

The procedure for constructing phase-equivalent po-
tentials can be realized for a parametric inverse problem in
which the spectral characteristics depend on an external
coordinate variables as on a parameter: {M; ’,",(x),K,,(x),
b,,(x),S(x,k);Cf,(x),p(x;k)}. The dependence on the slow
coordinate x is determined by the operator % (x,x) of par-
allel transport of the frame. In the .S matrix corresponding
to the gauge equation (6) there may arise poles manifested
in the form of geometric phases associated with the singu-
larities in the behavior of the connection A induced by the
functions of the basis parametric equation.

For a parametric inverse problem that is rational or on
the half-axis with Jost function (97) generalizing (95),

N k—ik,(x)

k)= —_—, (126)
f(xk) l;[ k+ib,(x)
the S matrix can be written in the form
N k+ik,(x) k+ib,(x)
Sk =11 . - (127)

. k—ib,(x) k—iKk,(x)

The kernel of the basic integral equation (86) in Mar-
chenko’s approach,

1 ©
QG =5 [ 11=SGxk) lexplik(y+5")]

— o0

N
+ X M exp[—k,(y+¥")], (128)

can be rewritten with allowance for (127) in the form

N
O(x;t=y+y')=—i > Res S(k=ib,(x))exp[ —b,(x)t]

N
—1i z Res S(k=ik,(x))exp[ —«,(x)t]

N
+ > M2 exp(—k,(x)1). (129)

Setting in the first stage
M=iRes S(K) | ki) (130)

we obtain

N
O(x;1) = —i 2 Res S (k) | ki, (x) €xp[ —ba(x)1]

=A,(x)exp[ —b,(x)t], (131)

where

499 Phys. Part. Nucl. 24 (4), July-August 1993

2b,,(x) (b, (x) +K,(x))
An(x) = b
( n(x) _Kn(x) )
y ﬁ (bn(%) +K, (%)) (by(x) +b,(x))
wotn (Dp(x)—bp (%)) (by(x) —Kp(x))

(132)

The corresponding expressions of the Bargmann approach

are obtained if we set k,(x) =k, and b,(x) =b,.**'** Sub-

stituting the kernel Q(x;y,p’) (131) in the parametric

equations of the inverse problem (86)—(88), we obtain

2

IQ/(x;y)=—2Fln det||P(x;) ||; (133)
. N
F=(xsky) =exp(iky) + 2 An(x) P,y (x39)
—(b by ik
exp[ — (b,(x) +b,/(x) Fi )y]. (134)

Here, P,,/(x;p) is determined as follows:

exp[ — (b, (x) +b,:(x))y]
(b, (x)+b,/(x))

P (%) =06, +A4,(x)
(135)
In the second stage, we find the family of potentials
and solutions for the normalization constants
iResS(k=ik,(x)) <M f, < o0, Which do not satisfy the con-
dition (130). We now obtain an analog of a phase-
equivalent family of potentials for the parametric inverse
problem. In this case, the kernel of the integral equation
(86) can be written in the form

N
Qlxpy' )= X (M*(x)—M>2(x))

X J it () ) f (i (X),3"). (136)

Similarly, for the kernel of the generalized shift KM (xp")
we have

N
KM(xpy')=— 2 (M2(x) —M%(x))

X f ity (X)) F (i, (X),3"). (137)

Substituting KM (x;y,y') and F(x;p,p') in the basic para-
metric Marchenko equations (86)—(88), we obtain for the
potentials and the Jost solutions the relations

2

. d
V(xy)=V(xy)+2 d_yz In detP(x;y), (138)

N
FExsky)=F*(xky)— X (M2—M>2) f(iK,(x),p)

X Py (X3) fw Flik,(x)p") f=(ky)ay',
(139)

in which the explicit dependence on the fast variables is
given by the Jost solutions (134) determined on the potential
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curves—the terms k%(x), which depend parametrically on
the slow dynamical variable x. Here, we have used the
notation

P (X9) =8+ (M2 (x) —M(x)) fw Flir,(x)p")

X f ik, (x),")dy'. (140)

In this section, we have demonstrated some examples of
exactly solvable parametric models in order to show how
the technique of Bargmann potentials can be extended to a
parametric family of inverse problems. Specifying the func-
tional dependence of the spectral characteristics on the ex-
ternal coordinate variable, we obtain a large class of exactly
solvable multidimensional models on the basis of a paramet-
ric inverse problem for equations of lower dimension. Such a
formulation can be used in the search for analytic solutions
of nonlinear evolution equations. Thus, the parametric in-
verse problem has independent interest and not only as a
constituent part in the solution of the original multidimen-
sional problem in the adiabatic approach.

7. THREE-PARTICLE INVERSE SCATTERING
PROBLEM

In accordance with the general definition, a three-
particle inverse scattering problem consists of the recon-
struction of the effective interaction potential from a
known scattering amplitude. As is well known, the differ-
ential formulation of the modified Faddeev equations is the
main tool in a correct numerical investigation of scattering
processes in a system of three nonrelativistic particles.’” In
the configuration space of the relative motion of the three
particles X=x,+y,€M, where a=1, 2, 3 is the index of
the pair of particles associated with the coordinate x,,, the
equations for the components F,(X) have the form

_AX+I’}a(xa)+ E VEO)_E Fa=_f>a 2 Fﬁ’
B B#a (141)

where the functions 17,1 and f’a are the short- and long-
range parts of the central two-body potentials
V.= Va+ Iﬂfa, E=kf,+pi is the c.m.s. energy, and
P={k,,p,} corresponds to X={x,,y,}. The asymptotic
boundary conditions corresponding to all possible scatter-
ing processes in the three-particle system follow from the
compact integral equations (141). The corresponding so-
lution of the original Schrédinger problem

HY=E¥Y, H=-—Ax+V,(x,) (142)
is specified by the sum of Faddeev components
Y(X)= X Fa(X,(X)). (143)
a

i) We choose some representation in M:XeR/, ® M, in
which the values X of the base B are given in terms of the
first linear invariant of the inertia tensor X 2=xfz + yf,,
which determines the hyperradius X = \/F of the
“sphere” I\A/I:Sfy(f(a).
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ii) Using the invariant adiabatic variable X € B, which
does not depend on the choice of the Jacobi pair a of
coordinates, we introduce for the Faddeev components
F,(X) the following local adiabatic expansions:”'°

Fo(X)= 2 Foy(X:X) X~y ;(X). (144)

J
The expansion coefficients y are universal for all Faddeev
components. The basis components F,;(X;X,) are deter-

mined as solutions of the spectral problem for the system
of equations (141) on the sphere M for fixed X e B:

—X"Ag + Volxa)+ 2 V) — & 5(X) | Foy(X,Xy)
B

=—V, X Fg(xXp).
B#a
Here, Ag_is the angle part of the Laplace-Beltrami oper-

ator A, on M, and & ;j(X) are eigenvalues; j is the set of
quantum numbers that label the spectrum o(H’) of the
three-particle Hamiltonian

(145)

H(X)= X"y + 2 Va(X Xy, (146)
a

which acts on the fiber ¥ y and depends on the point X of

the base B as on a parameter. The solutions of the Schré-

dinger problem (142) on M,

{H(X)—E;(X)}®;(X,X) =0, (147)

with suitable asymptotic conditions with respect to the pa-
rameter X are, apart from the normalization, identical to
the functions formed like (143) from a sum of basis com-
ponents {F,;},

3

®,(X,X)= 2 Fo;(X.X (X)), (148)
a

and thus inherit the correct asymptotic behavior of the

basis Faddeev components {F,;} as X — o0. At the same

time, they form in % y= L*(M,dM}) a complete system of

orthonormal functions:

Gy = f (X X:R)D,(XR)dMI=5,;,  (149)

X7 Y o,;(XX)o*(X:X)=6(XX")/Q. (150)
J

The scalar product ﬁ | <) in F x is defined with O(5)-
invariant measure dM y=X 2dQ(X) (with constant =3/
2). On the basis of the expansions (143) and (144), and
also taking into account (148), we obtain an adiabatic
expansion of the three-particle wave function ¥ (X) of the
original Schrodinger equation (142) in the form

W(X,P)= X Fg(X;Xp(X)) X'y, X,P)
Bj
= Z q)/'(X;)A()X—Iin(X,P), (151)
J
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W(X,P)=(2/m)"? 2 W(X,P)P¥(P,—P)P~!. (152)
1

Such a procedure corresponds to a dimensional reduction

of the space realized by partial expansions of the original

wave function and reduction to problems of lower dimen-

sion.

The use of the above definitions makes it possible to
introduce the Hilbert bundle (B, y,) with base
B=R!, DX and unfixed standard fibers ¥ y= L,(M,dM)
formed from real-analytic eigenfunctions ®;(X; X) of the
operator H/(X). The fibers .7 y form a famlly of Hilbert
spaces parametrized by points X € B. In the traditional ap-
proach of the method of strong channel coupling®! such a
construction corresponds in the expansion of W(X)
=Z2;®;(Y)y;(X) with respect to basis states to a fixed
fiber of known basis functions ¢ j(Y ), and the unknown
expansion coefficients y;(X), with respect to which the
problem is solved, are specified on a base B of dimension
lower than the original space. Substitution of the expansion
(151) in (142) leads to a system of ordinary differential
equations for the coefficients y j={)(f,-(X ,P)} that is iden-
tical to (6),

— T DX+ UEX) — P8, |y 5(X) =0,
! (153)
p =dlag(Pn),

and makes it possible to find a unique solution of the orig-
inal problem (141)-(143). The index L denotes a fixed
value of the total orbital angular momentum of the corre-
sponding physical quantities; for convenience, it is often
omitted. The summation in (153) is with respect to the
complete set of channel states. The potential matrix

UL =8O +r(r+ DX DS,

is formed by the elements of the diagonal matrix of effec-
tive potentials determined by the eigenvalues & £(X) of the
fast Hamiltonian H” (146) and by the centrifugal potential

y(y+1)X2=15/4X"2,

which is nonvanishing at a triple-collision point. As we saw
in Sec. 2, it is determined by the dimension of the space.
The covariant derivative D(X) is

(154)

where A; (X ) are the matrix components of the connection
operator in the Hilbert bundle 5, and in addition ensure
consistency of the solutions of (153) with the asymptotic
boundary conditions on the Faddeev components F,(X):

A;;(X)=(P;|idx|®,;) +rX~'5;. (155)

Thus, the expansion (151) is, by virtue of the use in
(142)—-(151) of the asymptotic boundary conditions that
follow from the compact integral equations, a generaliza-
tion of the well-known hyperspherical adiabatic
expansion.z"m’54 In addition, the representation (148) was
used in Refs. 7, 8, and 12 to determine a new global adia-
batic basis {®;}, which is constructed in such an approach
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by means of local basis components {F,;}, which are solu-
tions of the eigenvalue problem for the Faddeev equations
(145) for some fixed Xe B. As we see, in the adiabatic
representation the coupling between the channels is real-
ized by the matrix elements of the effective gauge field
A(X), in contrast to the interaction representation, in
which the coupling is realized by the matrix elements of
the potential energy. As a result, the adiabatic approach
gives a gauge-invariant treatment of multichannel scatter-
ing theory in the three-particle system.

7.1. Transport operator and system of radial
equations

We consider in more detail the scattering problem in a
system of three spinless nuclear particles with two-body
real-analytic central potentials V,= V=V, that satisfy the
conditions*®

J- | Val(xg) |dxy < o, j Xo| Va(xg) |dxy < o,
0 0

and preserve the representation of the total orbital angular
momentum:

L=I,+2,,

where [,= —ix,AV,, and 1,= —iy, AV, are the orbital
angular momentum of « and of the third particle. In what
follows, we shall, as a rule, omit the set of exact quantum
numbers L={L,M,£}, which are the total angular
momentum, its projection, and the total parity £
=( — 1)at% The modified equations (141) become the
standard Faddeev equations

{_AXa+ Va(xa) _E}Fa(xa’P)

=—V,(x,) > Fp(Xg,P). (156)
B#a

Accordingly, the term V,(go) also vanishes on the left-hand

side of Eq. (145), which can be rewritten in the form

{—X2A5 +V(XX,)—& (X)}F (X .X,)

=—V, > Fgi(XXp). (157)
B+a

For definiteness, we choose the two-body potentials
V,=V,=V,(X,X,) and homogeneous boundary condi-
tions for Eqs. (145) and (147). Then the complete spec-
trum & (X) = dlag{f (X)}eo(H/ (X)) of the parametric
Hamiltonian H” (X) (146) is purely discrete and real-
analytic for all X (0, « ). Note that the eigenvalues & (X)
of the fast Hamiltonian H' X)),

£ (X)=(®(X.X) |H(X) | ®(X,X)), (158)

are effective potentials U(X) in the radial equations (153).
Therefore, the last requirement is natural from the point of
view of scattering theory for potentials that have an ana-
lytic continuation to the complex plane of X values. In
such an approach, the states both above and below the
three-particle breakup threshold are described by a single
form, and it is this that determines the advantage of the
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approach proposed and developed in Refs. 6-10 and 12
compared with the one of Refs. 2, 41, 44, and 54. For
greater clarity, we divide the spectrum a(Hf (X)) into two
parts:

(159)

& . (X) 0
(" )

0 ¢ _(X)

in accordance with the different asymptotic behaviors of
the terms:

£ 4 (X)=diag{% . (X)}eo, (H/(X)),
if &,(X- 0)>0;

% _(X)=diag{#,_(X)}eo_(H/(X)),
if €(X-o0)<0.

Therefore, for the complete set of real-analytic functions
{®} we can introduce the decomposition ®=®_, +P_,
separating explicitly the states ®_ corresponding to sur-
face breakup functions and the states ®_ corresponding to
cluster surface functions. Then the Hilbert fibers # y can
also be represented as a direct sum ¥ =% | +.% _. Using
the orthogonality and completeness relations (149) and
(150), we determine the fixed frame

le(X))=|®(X,X)),

choosing some fixed point X =XeB of the base of the
bundle 5#°( B,.#,1), where the projection 7 is trivial. For
each pair of points in B ‘we can now introduce the unitary
bilocal operator % (X,X), which maps from % % to Fy
and realizes parallel transport of the frame from X to the
arbitrary point X:

|D(X,.))=|e) % (X,X), % (XX)={(e|P(X,.)),
(160)

. X
% (X,X)=Pexp if A(X")dX'. (161)
X

The structure of the fibers .# in direct-sum form induced
by the spectral projectors Q, =3, |®;,)(®; | can be
naturally generalized to the complete Hilbert bundle 77

”thQi ’

where Il =(0,+i0,)/2, and o, and io, are Pauli matri-
ces. For the matrix elements of the transport operators %,
we obtain accordingly

4 U, _
@=( ++ + )
v_, %

We rewrite the expansion (151) for the partial wave
function ¥, also separating the breakup states ¥;" from
the cluster states W; :

(X, X) =¥ (X,X) + ¥ (X,X)

(162)

=2 @, (XXX 'y, (X,P)
j+
+ X ®,_(XX)X " 'y,_(X,P).  (163)
j_
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The radial function y={y ;i{(X,P)} can be represented in
the block form

X_(X++ X+—)
X-+ X--/)
where each block is a matrix

)(++=[Xj+i+]; X+—=[Xj+i_]§

X-+=[xj—isl; x——=Ixj-i-1

The diagonal matrix of angular momenta is also specified:

P. 0
(s )

VEI,—% () 0

( 0 ,/E-z_—?f_(w))'

(164)

Here, P, =diag P, is the diagonal matrix of angular mo-
menta of the three free particles. The diagonal matrix
P_=diag P;_ corresponds to cluster states of the two-
particle channels of the three-particle system,

P =JE'I —% (w0)=\pi+e4—&_ ()
= PitKs—% _(w),

where £,= —k% <0 are the energy eigenvalues of the two-
body Hamiltonian

ha=—Ax_+Va(x,).

The value of the total energy E=P> +% _ (o0 ) =p4+£,
for zero angular momentum p, of the relative motion of
pair a and the scattered particle determines the threshold
of the two-particle channel:

E4(0)=—K%<0.

The two-particle channel is open when the energy of the
system is above the threshold value:

E (p4)>E40), ie, pi>E+i

The principal channel of decay into three particles
opens at zero energy:

Ey(0)=0, ie., pi=E, >0.

Substitution of (152) in the Schrodinger equation (142)
and projection onto the complete system of functions ® in
accordance with (160) makes it possible to realize a 2 X2
block decomposition in the system of equations (153).
Taking into account the block structure of the operator
(162), we write down the explicit block representation
(153):
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(D {X~°0xX°0x+ H' (X;X) — E}(1+11 +11_) | ¥)
_( _D2+++U++_P?4

—idyA_, —iA__ dx+A*

Here, I is the identity operator.

Turning to the properties of the adiabatic basis {®;},
we must note that at each point X of the base B it is
classified by the set of three exact quantum numbers
L={L,M,£} and the three approximate ones i={i},i,i3},
the significance of which is established in the neighborhood
of the origin X0, and at infinity, X — oo. The rules of
correspondence between the sets of asymptotic quantum
numbers i(0) and i( e )—the correlation diagrams—are
determined by the transition operator % (0, ).

7.2. Reconstruction of the three-particle potential
Vi23(X)

We first consider the problem of reconstructing in the
configuration space M some of the previously unknown
rapidly decreasing three-particle potentials ¥1,3(X). To
the Faddeev equation (141) and the Schrodinger equation
(142) we add certain real rapidly decreasing potentials
that satisfy the conditions

fdf(fm dX - X"V (X,X) | < 0, £=0.1.
° (166)

We shall assume that the two-body potentials V7, are
known and satisfy similar conditions. We also assume that
the three-particle amplitudes with potential ¥;,3(X) and
without it, f(X P) and f(X P), are also known. In our
case, the inverse problem reduces to finding the S matrices
from the amplitudes f (X,P) and f (X,P) (37) and deter-
mining after this the effective potential and vector matri-
ces, U(X) and A(X), the matrix solutions y (X,P) of the
system of equations (153), which resembles the equations
of gauge theory, and, finally, the interaction potential
Vi23(X).

First of all, we find the functions of the hyperspherical
adiabatic basis {®;(X, X)} as elgcnfunctxons of Eq. (147)
on the sphere X w1th Hamiltonian H(XxX) specified with-
out the potential V,3(X, X). Simultaneously, we determine
the eigenvalues & (X)), the terms, which depend paramet-
rically on X and give the effective potential matrix (158):

U(X)=diag & (X).

From the known {®;(X. ,X)} we find the matrix elements
of the connection operator 4(X) (154) and, using the ex-
pressions (161) the bilocal transport operator
YX)=% (X X ). The unitary operator % (X) enables us
to go over from the system of equations (153) with poten-
tial matrix

U(X)=U(X)+{(D(X,X|Vy53(X,X) | ®(X,X) (167)

503 Phys. Part. Nucl. 24 (4), July-August 1993

—idyA, _—id, _dy+A>
—D* _+U__—

+—)(X++ X+—)=0' (165)
X-+ X—-

to the standard system of coupled equations (16) for the
coefficients

X (X,P)=% (X)x(X.P) (168)

with potential (154) in the matrix elements of the fixed
frame |e),

U'X)=2(X)UX)2%~'(X),

which in the given case is conveniently chosen in the limit
X— o

U’ (X)=U"(X) +Ujp(X)
=(e|H/ (X.X)|e) + (e| Vis(X.X) |€). (169)

Since for the system of equations (16) the completeness
relation (52) holds, we can formulate the inverse problem
for the reconstruction of Uj,;(X) and the corresponding
solutions using the generalized expressions of the multi-
channel inverse scattering problem (Refs. 110, 109, and
39):

o (X)
KXX)+QX.X") + L«» K(X.X")

XQ(X",X")dX" = (170)

] J d
U0 =0" (0 + Uiy (0 =0 (0 %2 75 K(XX),
’ (171)

w0 (X)
X' (X.P)=%'(X,P) + fm) K(X.X')¥ (X', P)dX".
(172)

The limits of integration in (170) and (172) and the signs
in (171) depend on the particular formulation of the in-
verse problem. In particular, the limits of integration from
X to o (respectively, from 0 to X) and the minus sign
(respectively, plus sign) in (171) correspond to the
Marchenko (respectively, Ge’fand-Levitan) method. In
the R-matrix version of the inverse problem,'?!® the limits
of integration are [X,q] and the sign is +, — in (171). The
multichannel system of equations (170) is solved for the
matrix K(X,X’') for known Q(X,X’) determined by the
scattering data or spectral data. The matrix of the operator
of generalized shift K(X,X’) determines the three-particle
potential matrix Uj,; and the corresponding wave func-
tions y' (X,P) (172) of the system of equations (16).

In the generalized approach of Marchenko, the inte-
gral kernel Q(X,X’) is given by

1 o o 2 A o
[0.8.¢ =5 f F'(X,P)(S —S'(X,P))F'(X',P)
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N ~
XdP+ Y, F'(X,ik, )M, F "' (X', ik,)
n

N _~
— Y F'(X,ik, )M, F'(X",ik,). (173)
Here, the Jost solutions F ' (X,P) of the system of equa-
tions (16) are related to the Jost solutions ¥ (X,P) of the
system (153), in accordance with the relation (168), by

F' (X,P)=%(X,0)F ,(X,P), (174)

and they satisfy the boundary conditions

:t:z(XP——Y)
= lim 13't (X,P)exp

m
ﬁ:i(XP——y)]=l,
X-o 2

since, as follows from the definition (160), % (Xn' ,X )=1.
By virtue of the unitary freedom in the gauge of the radial
functions (168), the S matrix corresponding to the system
(16) is identical to the S’ matrix (36) for the system of
equations (153); this is also true for the normalized state
matrices of the discrete spectrum (]8). With allowance for
this the scattering matrices Sand S, which are unitary on
open channels, can be determined from the known ampli-
tudes f (X P) and f (X P) and correspond to the system of
equations (16) with the three-particle potential V53 and
without it. Accordingly, M, and M, are real positive-
definite normalization matrices of the discrete states
E,=—(x,)% E,=—(&,)% Determining U},; in accor-
dance with the expressions (170)—(172) in the representa-
tion of the fixed basis |e) and returning to the representa-
tion in the basis |®), we obtain relations for the matrices
of the three-particle potential Uj,; of the system (153) or
(165) and the corresponding Jost solutions:

lim F (X,P)exp
X-w

Upps(X)=U(X)—U'(X)

dK(X,X)

=—-2%—1(X,») % (X,),

(175)

F,(X,P)=%"'(X,0)F' (X,P). (176)

It should be mentioned that the transport matrices % in
(174) and (176) are the same, since they are specified on
the same basis functions |®). Finally, the physical solu-
tions of (153) with V,; are obtained as linear combina-
tions of the Jost solutions F_ (X,P) (41). In the general-
ized Gel'fand-Levitan approach, the integral kernel
QGL(X ,X') is determined from the spectral matrices p(P)
and p(P) for the system (16) with the potential V53 and
without it, respectively:

L X.X) = f‘” VEEX,P)d(p—p) 7 E(X',P),

— o0

dp
5= 1P|

JE= for E>O0,

(177)
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dp
dE

where &V, are the normalization matrices determined by

= > 8(E—E,)N,”' for E<O,

NI f: |5 (X,P) | dX.

The matrix of regular solutions is distinguished by the
boundary conditions

limx’reg(X,P)X_(K+7+1) =1.

X-0
After the kernel XOL has been found from QGL (177) in
the solution of the basic system (170) using the multichan-
nel expressions (171), (172) of the inverse problem, we
obtain the matrices of the potentials Uj,; and regular so-
lutions y'™® of the system (16). Making the inverse uni-
tary transformation, we find U;,; and y for the system
(165).

Thus, the adiabatic representation for the three-
particle wave function and the gauge transformation have
made it possible to reduce correctly the three-particle in-
verse scattering problem for the reconstruction of V,3toa
multichannel problem and formulate it with allowance for
processes involving both rearrangement of the particles
and breakup.

7.3. Reconstruction of the three-particle potential
V123(X) and the effective potentials =3V (X)

We now consider the following generalization of the
inverse scattering problem, in which not only the three-
particle but also the two-particle potentials V, (a=1,2,3)
are unknown. It reduces to the determination of effective
potentials consisting of sums of two-particle potentials,
V(X) =3,V,(X), and three-particle potentials in the con-
figuration space M. This problem can be solved in several
stages: 1) finding the S matrices from the known ampli-
tudes f (X P) and f (X P); 2) reconstruction of the scalar
potential matrix U(X), the matrix of the gauge vector po-
tential 4(X), and the matrix of solutions of the system of
equations (153); 3) determination of the basis functions
D,(X, X) and, finally, of the effective potentials V(X X)
and V5;(X, X) and of the complete solution ¥(X) in M.
As in the previous case, we use two sets of scattering data
(S(P){E,.M,}), (S(P){E,M,})—with the three-
particle potential V,3(X,X) and without it.

First, using the scattering data S (P),{i‘,, ,M,,}, we re-
construct the effective potential matrix U "(X):

UX)=%(X)&(X)%~1(X)

and we find the solutions of the system (16), using the
ordinary or generalized Gel’fand-Levitan-Marchenko ex-
pressions (170)-(172). We can then find the transport
operator % (X) and the energy & (X) by solving the ei-
genvalue problem

U'X)% (X)=%(X)% (X). (178)

Thus, the terms & (X) are determined by solving the in-
verse problem for the system of equations (16) and the
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subsequent diagonalization procedure (178), whereas in
the previous case we solved the direct eigenvalue problem
for the reference equation (147). Moreover, knowledge of
% (X) also enables us to reconstruct the matrix elements
of the effective vector potential,

d
A(X)=@_1(X)H@(X)+7X_l, (179)
which is responsible for the velocity-dependent potential
A(X)/(d/dX) in (153). However, having reconstructed
the potential matrix U(X), we still cannot yet determine in
the usual manner the effective potential

VxX) = 2 Vo(X.X)

= Y ,(X.X) U;(X)d*(X.X),
ij

since we do not know the basis functions ®;(X, ,)A(), which
are determined by the same unknown potential f’(X ,ﬁ) in
the solution of (147) for each fixed value of the ‘“‘slow”
variable X. It is now necessary to solve a parametric in-
verse Sturm-Liouville problem on the basis of the tech-
nique developed in the previous section.'* The input data
for such a problem are the spectral characteristics
{¢;(X),y;(X )}, the terms and normalization constants,
which depend parametrically on X. The terms are deter-
mined from (178), and the normalization constants in ac-
cordance with the relation (94),

(180)

Y7 X)) =2 %Xy U y(X), (181)
J

where ;! is the usual normalization:
Yi_l= J- |ei()’\()|2d1<'l7’.
0

Then, solving the parametric Sturm-Liouville problem,'*
we reconstruct the effective potential IO/(X ,5()
=2, V(X ,X) and the corresponding solutions ®;(X X).

Finally, in the second stage, using the scheme (170)-
(175) described above, we reconstruct the three-particle
potential matrix Uy;(X) and the corgesponding solutions
from the two sets of scattering data ( S (P),{E,,M,}) and
(S(P)AE,.M,}).

The existence of the “global” adiabatic basis {®,}, and
also the possibility of determining the effective scalar,
% (X), Up3(X), and vector, A(X), potentials from the
data of the three-particle scattering problem are due to the
fact that in our approach information on the interaction of
the fragments is contained not only in the radial solutions
x but also in the basis “quasiangular” functions ®;, in
contrast to the traditional approaches using expansions
with respect to K harmonics or cluster functions. More-
over, there is a possibility to use the technique of Barg-
mann potentials for the analytic modeling of effective
three-particle interactions and finding corresponding exact
solutions not only for the systems of coupled equations but
also for the parametric equation (Sec. 6).
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8. SUPERSYMMETRY OF GAUGE EQUATIONS

Thus, we have seen that induced gauge potentials arise
naturally in the descriptions of quantum-mechanical sys-
tems that depend both on slowly varying external param-
eters and on fast internal variables. This occurs in many
real systems in which there are slow and fast degrees of
freedom and it is necessary to estimate the influence of the
slow dynamics on the fast and vice versa. Accordingly, the
total Hamiltonian decomposes into two components:
H=H’+ H°, where H/(R) is a parametric family of fast
Hamiltonians. The wave function of the total Hamltonian
H can be represented as an expansion with respect to the
eigenfunctions ®,(R;r) of the instantaneous Hamiltonian
H for each fixed value of the slow variables R (3):

Y(Rr)= 2 f<1>n(R;r)F,,(R),

(182)
H/(R)®,(R;r) =E,(R)®,(Rjr).

Substituting the expansion for ¥ in the original Schro-
dinger equation (5), HY(R,r)=E¥(R,r), and using the
orthogonality relation (n|m)=3§,,, and the completeness
relation |n){(n|=18(r—r’) for the eigenfunctions
|®,(R;r)) of the Hamiltonian H”(R) for fixed R, we ob-
tain a multidimensional system of equations of gauge type
(6) for the expansion coefficients F,:

—1/2[IV—iA(R)]?F(R) + V(R)F(R) =EF(R),
(183)

where F={F,} is a column vector of dimension M, [ is the
unit matrix, and 4 and V are the vector and scalar com-
ponents of the gauge field:

Anm(R):((Dnliv'q)m)’ (184)
Vom(R) = (@, | H | ®,)8ym+1/2 2 AuAiom
k£n,m
+( P, | V*| D). (185)

Equation (183) possesses the unitary gauge symmetry
of the U(M) group. For the complete set ®,, the second
term in (185) vanishes, and if 4 does not have singulari-
ties, one can find a gauge (pure gauge) in which the in-
duced vector potential vanishes. In the single-level approx-
imation, F(R) becomes a scalar wave function.

We first consider a one-dimensional problem. We rep-
resent the Hamiltonian H of Eq. (183) in the factorized
form

H =1/2QQ*, Ht=1/2Q0"Q~ (186)
with
Q*=41+D+a(R), D=dr—idA(R). (187)

It follows from this that

H*=1/2{[ - D*+a*(R)]I+03(Da(R) —a(R) D)},

(188)
Vi(R)=V_(R)+ Da(R)—a(R)D.

Here
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1 O
0'3—(0 _1).

In two-component notation, the supersymmetric Hamil-
tonian (188) can be rewritten in the form

Ht 0
HS=1/2{Q_,Q+}=(0 H‘)’ (189)

where Q_ and @ are defined as ordinary supersymmetric
charges:

0 ot 0 0
ey %) en(i )

and they satisfy the relations of the supersymmetry algebra

Q=0 =[HQ,]=[H,0_]=0. (191)

If we ignore the nondiagonal transition elements in the
system of equations (183), we obtain a system of uncou-
pled equations, i.e., the adiabatic approximation. In this
case, the supersymmetric Hamiltonian (189) can be re-
written in the form

(190)

H=1/2{[— D*+a*(R) I+ 039za(R)},

where a(R) is related to V(R), as usual, by the Riccati
equation: az(R)—aRa(R)= V_(R). In the a(R) =3y W
representation of the ground-state wave function,'?* the
wave functions of H* and H~ for arbitrary energy are
related by the transformations

(192)

X+(R.E)=0%Y_(R,E)=[D+a(R)]x_(R,E)

=xo (R)Wp{xo(R),x_(R.E)},
(193)

L (0@ (@@ 0 )_1
‘2( 0 (0Q7)(0Q") ‘2(

Besides the ordinary components
1 1 1 1 _
- (Q*Q)=5 2Qi0,, 5(Q QH)=5 Y0, 0r,
2 25 2 2 4

which correspond to the sum of one-dimensional super-
symmetric Hamiltonians (186), interesting new terms
arise in H° (197):

ic[]QTXQ ]=iocB—20[VWX ]
=ioF —20(VW Xp)+2e0(VWXA),
(198)

where m=p—eA, the matrix tensor
F,,=08,4"— 034" —i[A"A*] =" B (199)
is identified with the magnetic field, the term —20(VW

Xp) goes over for central fields into the spin—orbit cou-
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(QTQ ) +io(Q"XQ7) 0 )

which generalize the Darboux—Crum-Krein transforma-
tions. Here, yo(R) is the ground-state wave function of
H~, represented in the form
R
—f a(R’)dR’],

(194)

the generalized Wronskian W, is defined in terms of the
covariant derivative,

Wo={x§Dx_—(Dxo)'x_1},

and P denotes the ordered exponential.

Further, following Refs. 31, 25, and 26, we can repre-
sent the three- or two-dimensional generalization of
(186)-(194) for the systems of gauge equations (183),
which describe the slow dynamics of nonrelativistic sys-
tems (in particular, the three-particle system) and the su-
persymmetry for them. We introduce supercharges as fol-
lows:

R
Yo(R)=Pexp —if A(R')dR' jexp

Q+ :% T+UQ+ =i\/— Ty z UFQ,:’
2 2
g (195)
Q- : oQ~ : > 0,07
= T_ =—=T_ )
2 2o

where (_2+ and (_2_ are 22 block matrices formed, like
(191), from the multidimensional multichannel supersym-
metry generators Q1 and Q~, the coordinate components
of which are defined in accordance with (187):

Q*=+D,+4,W, D,=3,—id,, (196)

T,.=1/2(0yxi0,), and o, (p=1, 2, 3) are the Pauli spin
matrices. Then the supersymmetric Hamiltonian can be
represented in the form

0 (Q7Q") +io(Q™xQ™) G99

pling term (2/R)3xW(o-L) (Refs. 31 and 32), and, fi-
nally, the new term 20(VW X A), which was omitted in
Ref. 25, realizes a coupling between the vector potential
and the gradient of the scalar potential. Its role will be-
come completely clear in what follows in the investigation
of geometric phases.

The procedure (186)—(197) generalizes the usual pro-
cedure of supersymmetric nonrelativistic quantum me-
chanics and is based on factorization of the total Hamil-
tonian of Eq. (183). It enables one to generate a large class
of exactly solvable three-particle and multidimensional
models in addition to those of Refs. 4 and 5 for Eqgs. (183)
in the presence of effective vector potentials.

We analyze the approach in more detail, directly gen-
eralizing the well-known problem of the motion of a
charged particle with spin 1/2 under the influence of an
inhomogeneous magnetic field having direction perpendic-
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ular to the plane of motion of the particle.29’34 In this case,
the supersymmetry is based on the fact that in two-
dimensional space the Pauli Hamiltonian

HP=1/2[—iV—eA]*—(e/2)0;B (200)
can be expressed as the square of the Dirac Hamiltonian
(h=c=m=1):

HP=1/2(HP)?,
(201)
HP= (0 7)=0(p—eA).

We define the Hermitian supercharges Q;=Q:(x,y):
Ql = 1/2[01(1rx—6yW) +02(1Ty+axW) ],
o= 1/2[0'2(77'x_aypV) —0 (7Ty+axW)]

with additional scalar functions d,W compared with the
classical problem (200)—(201). This is a direct generaliza-
tion of the definition of supercharges introduced by
Witten® to describe the motion of a nonrelativistic particle
with spin 1/2 in one-dimensional space:

01=1/2[opx+0,W(x)],
Q,=172[opx—0W(x)].

In the multichannel case of the adiabatic approach,
W(x,y) and T, are matrices; T, are related to the covariant
derivative D by

7= —iD,=[—il8,—A,],

(202)

(203)

- 1 t-Q7)+i(Q*XQ7)
m=1/2{Q+,Q‘}=5((Q HIQTXQ

The supercharges Q* and Q™ satisfy the relations (191)
of the supersymmetry algebra.
The superpartners H* and H~ of the Hamiltonian H*
(207) can be represented as follows:
H*=172[Q} 07 + Q7 O, +i(Q 0, — 0 07)1,
(208)
H™=1/2[Q; 0y +Q; O) —i(Q; & —0; O]
Using the definitions (206) and making simple manipula-

tions, we can write the Hamiltonians H* in the explicit
form

HY =122 moti(mam,—m,m,) + (8, W)+ (3,W)?

+ (imy+m) (O W +id, W) + 0, Wmy—d,Wm,],
(209)
H™=1/2[mi+m)—i(mam,—mym,) + (3. W)+ (8,W)?

+ (—imy+m,) (W —id, W)+ 0, Wmy—3d,W,].

We rewrite these relations in a form more convenient for
analysis:
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0 (Q~

where the matrix 4, is determined from (184). The super-
charges Q; satisfy the set of relations of Witten’s supersym-

metric quantum mechanics:
{QI:Q/}':‘SUH and [H1Q1] =0 (l= lr',N) (204)

In the considered case, i=2. As usual, we introduce the
non-Hermitian supercharges

_ 1 _ 1
Q+=7§[—Qz+l'Q1], Q_=7§[—Q2—fQ1]-
(205)

We represent the matrix supercharges Q* and Q™ as 22
block matrices,

— 1
Qt =_\E T [ (i + W) + (m,—id, W) ]

1
= T [Q+_iQ+]’
D +l¥x y
T (206)

_ 1 _
Q- =7§ T_[(—imy+ 0, W)+ (my+id, W) ]

1
=7 _[Qr +iQ) ],

which correspond to (195). Using them, we construct the
supersymmetric Hamiltonian

0
: 207
-Q+)—i(Q—><Q+)) ol
|
Ht =} [7T7~ + (8, W)*+ (3,W)*
+7t (0, W—id, W)+, Wrm,—d,Wm,],
(210)

H =j[n 7t + (0, W)*+ (ayW)2
+ 7 (O W +id,W) + 0, Wrm,—d,W,].

We have here taken into account the usual definition of
non-Hermitian supercharges,

7t =(+ime+m), 7 =(—imy+m,),

which generate the matrix analog of the Pauli Hamiltonian
(200), written in the form

H=1/2{nr",7"} (211)

with scalar potential matrix V'=03F,,. As follows from
the relations (206), for W(x,y) =0 the non-Hermitian su-
percharges Q1 and Q™ go over into 7 and 7, and the
supersymmetric Hamiltonian H*° (207) goes over into H”.
This is equivalent to the principle of minimal coupling to
the electromagnetic field as with gauge 4. If the vector
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potential is 4,=0, then from the relations (202)-(207) we
readily obtain the Witten construction’® of supersymmetric
quantum mechanics in two-dimensional space.** This be-
comes obvious if the generators i, and im, are replaced by

H=3 0 (0:Q7)(e-Q1)) 2

1 ((U'Q“L)(U'Q‘) 0 ) 1 ((Q+'Q‘)—20(VW><D) 0

ordinary partial derivatives in Egs. (209) and (210). In
the general case, replacing 7 by p for Egs. (195)-(197),
we obtain for the Schrodinger equation the supersymmet-
ric Hamiltonian

0 (Q‘-Q+)+2a(vwxp))' \#42)

We now redefine the coordinate components Q*:Q, = %4, +3d,W and use p= —iV.

The relations (200)-(207) can be generalized to the 4-component case in two ways. One of them corresponds to the
choice of the 4-component supercharges determined by the relation (195) with u=1 and 2. The two-dimensional super-
symmetric Hamiltonian is determined from the relation (197), which directly generalizes (207):

H‘=% ((Q* *Q7) +io3(QTXQ7) 0

in the expression for the supercharge Q; must be replaced by a matrices. In this case, it is more convenient to introduce

in place of the supercharges Q7 the supercharges

0 Q- 'Q+)+i03(Q‘><Q+))' (213)

The second method follows the logic of choosing the supercharges Q; and Q, determined by the relation (202), where o

7

Iy =+D,—id,W, IIJ=+D,+id,W. (214)
Then QF and Q~ (195) are redefined as follows:
- 1 _ 1 _
H+=757-+§0#H;, n-:ET_%‘,a#nu, (215)
and in place of the supersymmetric Hamiltonian (213) we have
1 ((ITTI7) 4o (1T XIT7) 0 p
=E( 0 (n-n+)+ia3(n—xn+))' (216)

Do our relations (216) and (213) satisfy the principle
of minimum coupling of gauge fields? If we represent the
gauge vector potential in the relations (202) and (216) in
the form

Ax—>Ax+a,W; quAy—axW
(we emphasize that this is not a gauge transformation),
then the matrix tensor B,, can be represented as

Byy=0,(4,—3,W) —3,(4,+3,W), (217)

and H° (216) with a noncentral field can be expressed in
the form of the Pauli equation (200) with H? if we make
the substitutions

1T+—>ﬁ+, P |
For the definition of the supercharges by the relation
(195), the supersymmetric Hamiltonian (197) is identical
to the Pauli equation if we make the substitution

A=A, +i0,W.

This is none other than a gauge transformation of the two
superpartners of the Pauli Hamiltonian with W =0, i.e., for
the relation (213) the principle of minimum coupling of
gauge fields is satisfied. After this, it is obvious that the
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supersymmetric Hamiltonian of the Schrédinger equation
(212) can be represented as the Pauli operator (200) if in
Eq. (212) we replace id, W by A,.

We investigate the relations (202), (214), and (216),
which are a natural generalization of the Witten construc-
tion for systems of gauge equations in two-dimensional
space. The three-dimensional model of supersymmetric
quantum mechanics for systems of gauge equations is ob-
tained similarly.

If such an approach is applied to charged particles
with spin 1/2, the so-called spin-flip effect holds for simul-
taneous change of the coordinate dependence of the wave
functions, when the generators (o-II") and (o-I17)

carry the superpartner states into each other:
X+=(-MM)y_ and y_=(o M)y, .

If X -0, is an H™ eigenstate of the Hamiltonian (216), then
the H' eigenstate is

X+a3=i[ (o1(mx— W) + 0y (7,43 W) ]X—Us' (218)

The zeroth eigenstate yo = y_,, of the Hamiltonian H~

must be annihilated by (o I1):
(o) xe=0. (219)

We multiply this relation from the left by o,, obtaining
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{03[ax—i(Ax+ayW) 1+ (iay+Ay+ia,,W)}Xo=0.
(220)

Recalling now that for a divergenceless vector potential
A,=-0,9, 4,=-0.9,
we seek the solution of Eq. (220) in the form

Xo(x.p) =f(x,y)exp{—o3(®—W)},
where ®= [ [F,,(x,y)dxdy is defined as the ordinary flux,
and ny(x,y)=8,Ay—8yAx—i[{1x,Ay]. o

It is now easy to see that in the adiabatic representa-
tion (183) we arrive at the well-known situation estab-
lished in Ref. 34, namely, the ground state of the Hamil-
tonian H~ (207) and (216) is degenerate, and the number
of zero modes is determined by the Atiyah—Singer index
theorem:

(221)

XO(x’.V) =f(x,J’)P expl _03ff Bxy(X,y)dXdy],
(222)

where the tensor B, is expressed by the relation (217) and
the function f(x,p) satisfies the equation

(9x+i03d)) f(x,y) =0.

Therefore, for the supersymmetric Hamiltonian (216)
with scalar potential W (x,y)=0 the function f(x,y) is an
entire function of (x-+ioyy), as was shown by Aharonov
and Casher’ for the case with zero scalar potential,
W(x,y) =0. Then as in the case W (x,y) =0, we have de-
generacy of the ground state. The multiplicity of the de-
generacy of the zero modes for a particle moving in an
external gauge field is related to the topological number X,
which is defined as a surface integral of the matrix tensor
B, (x,p):

ff B, (x,p)dxdy=®—W=2m(N+¢), 0<e<l.
(223)

Here, N determines the multiplicity of the degeneracy of
the zero-energy eigenstates. If e=0, the flux, defined as the
difference of the ordinary flux and the additional scalar
potential, is quantized, and one can speak of a quantum
Hall effect and nonstandard statistics in diatomic systems.

It is now readily seen from (222) and (217) that the
presence of a scalar potential may lead to an increase and,
consversely, to a decrease or even cancellation of the pos-
itive index N; i.e., it may influence the existence of the
quantum Hall effect and may lead to spontaneous super-
symmetry breaking. The presence or absence of degeneracy
resulting from supersymmetry does not rule out other geo-
metric phases, in particular Berry phases'® or nonadiabatic
Aharanov—Anandan phases.!”*

9. GEOMETRIC PHASES

Cases of crossing of potential curves, which lead to
singularities of the gauge vector potential 4, are particu-
larly interesting. In the presence of singularities of 4, there

509 Phys. Part. Nucl. 24 (4), July-August 1993

are nontrivial geometric phases in the wave functions y,,
and, therefore, in y (R,E) determined for arbitrary energies
(193):

—1' A(R)dR 224
b= 36C (R)dR. (224)

These phases must be taken into account in addition to the
already determined geometric phases.

We consider some simple examples of the one-
dimensional problem. For a(R) =0 (or, which is the same
thing, W=0) the two supersymmetric partners of the one-
dimensional problem are, as follows from (188), identical,
in contrast to the N-dimensional, N>2, problem, i.e., the
supersymmetry in this case is determined by the scalar
potential a(R).

Let a(R)= —iA(R). Then

+(RY)— 42

VY(R)=1/2[—A*—idrAd], 53

V= (R)=1/2[ —A*+idgA].

For convenience, we have adopted the notation dg=d/dR.
With allowance for (225), Eq. (183) can be rewritten in
the form

—1/2(3g—iA(R))*y+1/2[ —A*FidrA(R) | x=Ex,
(226)
which corresponds to the equations

—1/28%y+iA(R)dzy=Ey,
—1/28kx +i(3pA(R) +A(R)3p) x=Ex,

which are represented in the factorized form (186) with
supercharges determined in accordance with the expres-
sions (187):

Q0 =—03g+iA(R)+a(R)=—0,

(227)

(228)
Q" =+09dgr—id(R)+a(R)=09r—2iA(R).

In the single-channel case, A(R) is purely imaginary. If
Xo(R) is the ground state (227) of the Hamiltonian H™,
then Q% (R) must annihilate it:

Q" x0=0 or (dgr—2iA(R))xo(R)=0.

From this we have

R
Xo(R)=Pexp(2i J-ﬁ A(R’)dR’)

=Pexp(——2 Jm a(R')dR’). (229)
R

Recalling the definition of the gauge transformation

. R
U(R,R)=Pexp( f A(R')dR'),
R

we see that we have obtained a simple example of an ex-
actly solvable model in which the gauge transformation is,
apart from a coefficient, identical to the ground-state func-
tion yo(R).

In the study of free motion in N-dimensional space in
a spherical parametrization (R1 xSV it is necessary to
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introduce a geometric phase in order to take into account
the defect of the parametrization of space by spherical co-
ordinates and the resulting appearance of a singular point
at the origin. To Eq. (226) there corresponds
A(R)=ivR™! [v=(N—1)/2], when in accordance with
(225)

Vt(R)=v(v—1)/R%, V- (R)=v(v+1)/R%

The phases are defined in accordance with (224):

6,=(mv)/2, 6_=m(v+1)/2.

In the three-particle problem considered for a hyper-
spherical parametrization of space, there arises at the point
of triple collision an analogous singular potential and an
associated phase, these corresponding to v=5/2. In gen-
eral, the singularities of 4(R) are not necessarily at the
origin R=0, and the functional dependence 4(R) may be
more complicated. For example, if

AR)=i [ F(R)/(R—ib)) (230)

J
with a smooth function f(R) that has an analytic contin-
uation into the complex plane of R, then

5==" 3 fib)). (231)
J

For f(R)=2Ror f(R)=(R +ib;), the geometric phase is
determined as follows: §=72;b;. In general, R must be
scaleless and dimensionless. It can then be seen that & for
even values of b does not change sign, but it does for odd
values, i.e., this is a kind of analog of the Aharanov—-Bohm
effect.

We return to the more complicated problem associated
with Eqgs. (183) and (184). The nondiagonal elements
A, (R)=(n|iVg|m) realize transitions between different
eigenstates of the fast Hamiltonian H”. Here, the approx-
imation of adiabaticity does not apply, in particular, in the
neighborhood of a point of term crossing. We rewrite the
matrix elements of the induced vector potential (184) in
the different form

(®,(R;r) |8rH! (R) | @ (R;P))
Am(R) =i E,(R)—Ep(R) ’

which is obtained by differentiating Eq. (182) with respect
to R and using the orthonormality relations for the basis
functions ®.

It is obvious that when the terms E,(R) cross or qua-
sicross at certain points R=R,, singularities responsible for
geometric phases arise in the matrix elements 4,,,(R). It is
convenient to introduce the matrix of geometric phase fac-
tors

(232)

e Im( § A,,,,,(R)dR). (233)

In our case, we obtain

(P, (R;r) |OrV(R,r) | P (R;7))
E,(R)—E,(R) )

S,,m=exp(1riz Res
(234)
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It is easy to write down the generalization to the mul-
tichannel case of the single-channel supersymmetric model

(225)-(229):

. R
Xo(R)=CU(R,R) =Cexp(i f A(R’)dR')
R

with 4, determined by the relation (232). It follows from
this that all information about the term crossing is con-
tained in the ground-state function.

If an incomplete set @ is taken into account, the state
vector is defined on an n-dimensional subspace of the
M-dimensional Hilbert space [M=(n+m)], the second
term in (185) does not vanish, and nontrivial gauge fields
are induced. Then we have the Berry phases

bi= 2

2 ¢ Aiydj
JFi

=2 § (@1aul®)(@,10:]0) (235)
JFEi

as in Ref. 15. There also appear geometric phases associ-
ated with nondiagonal elements of the effective matrix of
vector potentials 4;(R) =4,;(R)A;x(R). In this case, it is
better to use the geometric .S matrix (233):

‘ (@iR;r) | 8xH (R;r) | ;(R;7))

Si=e ] Res
k "P(’” ,-E;,k E{R)—E;(R)

(®,(R;r) | 3pH (R;r) |¢k(R;’)>) (236)

E,(R)—Ex(R)

In this last case, there may even be crossing of three terms
at one point. Thus, we see that a non-Abelian nonadiabatic
phase is manifested even when there is only a radial de-
pendence. The reason for this is the presence of singulari-
ties in A(R). The gauge transformation U(R,R)
= [#4A(R’)dR’ does not eliminate them, and they appear
in the scalar potential in the same way as the nonvanishing
curl of the vector potential in the N-dimensional space of
the slow variables.

On the reduction of the multichannel system of gauge
equations to a finite system, one can obtain a system of
uncoupled effective equations'? of the form

Rd“Rd R)(PP—V(R))|¥(R)=0
u( )ﬁ“ ( )d_§+”( Y(PP—V(R))Y(R)=
(237)
with nonzero diagonal connection
- d
A=d1agA(R)=1/2p(R)d—RN_l(R),
where
N A (R)A;(R
p~ (R)=1—(2M)"! (R)4,(R) (238)

~ E(R)—E,(R) "

The applicability of the expressions (235) and (236) is
here obvious.

In the absence of the singular behavior u~'(R), as
holds far from term crossing, Eqgs. (237) can be repre-
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sented by means of a Liouville transformation in the form
(1), and for them, as for the Schrodinger equation, one can
construct exactly solvable models and, therefore, obtain
solutions in closed analytic form.

10. GENERALIZED ALGEBRAIC
BARGMANN-DARBOUX TRANSFORMATIONS

We realize algebraic Darboux—Crum-Krein and Barg-
mann transformations for equations of the more general
form (1) than the Schrodinger equation:

&’ I(1+1)
——d'p—r(fr—)+ V(r)y(r) +—(—7—— Y(r)=Ey(r). (239)

The corresponding algebraic transformations for Schro-
dinger equations for both variable energy E and orbital
angular momentum / and fixed E and / are obtained natu-
rally as special cases for a definite choice of the function
h(r), which is regular except at the point »=0.

10.1. Darboux transformations

We shall use the technique presented in Ref. 74. We
shall seek a solution of Eq. (1) with some initially un-
known potential ¥ (R) in terms of the known solutions of
Eq. (1) with known potential V°(R) in the same form:

¢ (REA)=y(r) W{°(r),¢°(r.EA)}, (240)

where W{yo(r),¢°(r,E,/1)} is the Wronskian of the func-
tions y° and ¢

w{°(r),8°(r)}=3°(r)d¢’(r)/dr—dy°(r)/dré°(r),

as for the ordinary Schrodinger equation (239). However,
the functions y(r) and 3°(r) now satisfy Eq. (1) with
V(R) and VO(R), respectively, at some distinguished value
¥*=v'2, which may correspond to a bound state. In Eq.
(1), 9 is the energy with coefficient 4(r) that depends on
the coordinate variable. At the same time, the function
h(r) must satisfy general requirements imposed on the po-
tential function in scattering theory.3® Multiplying Eq. (1)
for y°(r) with known potential ¥°(R) by ¢°(#,7), a func-
tion for arbitrary ¥, and the equation for d)o(y,r) by y°(r)
and subtracting the resulting expressions, we obtain

dW (r)/dr=h(r) (v"* =) ("N’ (7.r). (241)
We find the second derivative d2¢('y,r)/dr2, using the def-
inition (240) and the relation (241):

d*¢(y,r) dy(r)
P10 LD Wi 8

d[h(r)y°(r),8°(v,")]
r) dr

+¥(

dy(r)
Al h(r)y°(r)8°(y,r).

+2 dr

Taking into account Eq. (1) for y(7) and making the nec-
essary manipulations, we obtain
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d’¢(v.r) ) 0
7 =)=y RNy (NWH(r),8°(r,n)]
d[y(r)y°(r) dh
+2T]h(r)¢°w,r)+%y(r)y°

X (1)@’ (v,r) +h(P)y(r) W{HO(r),4°(y,r) }.

Using the definition (240), we rewrite this relation in the
form

d2
(P‘ V(r) +h(r)72)¢(%r)

dy(r)y°(r dh(

)
240 D 0 49030 ) 5 .

r

(242)
It is obvious that the condition of vanishing of the right-
hand side of the identity (242),

d 0 1d
Sy (=5 21n h(r), (243)

dr

leads to the fact that the function ¢(y,7) defined by the
relation (240) satisfies Eq. (1). The condition (243) cor-
responds to

1
v = VB ()

Then, with allowance for the definition (240), the solution
of Eq. (1) for arbitrary 7> can be written as follows:

(244)

1
— 0 0
$rn =g WOPO). (0} (245)

We now find explicitly an expression for the potential V' (7)
in terms of the known functions 4(r), y°(7), and V°(r).
We use the relation (244) in Eq. (1) for the function y(r):

d*y(r)/dr ,2
r)—y(—r)_._h(r)y
__(D°(n)7dr\* d&O(r)/drP dy°(r)/dr dh(r)/dr
“( »(r) ) »(r) OO
o 1d’h(r)/dP 3 (dh(r)/dr\?
T TRy +Z( AP )

Transforming this expression with allowance for the equa-
tions

s dy’(r)/dr\* d4°(r)/dr dy’(r)/dr\’
( ) )_ W(r) —_( ¥(r) )
dy°(r)/dr?
0
d*P°(r)/dr*

— _ 2
o) =Vo(r)—h(r)y?

we finally obtain
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d 1 d
V(r)=V°(r)—2h(r) Z [7;,‘(7):17‘”0(”

a 1
+h(r) = T (246)
It is now easy to show how the relations (245) and
(246) go over into the corresponding relations’ for Dar-
boux transformations in the (ALE) plane. When the en-
ergy E and orbital angular momentum / vary along arbi-
trary straight lines in the (A%,E) plane (A=1+1/2), i.e.,

aE+bl(1+1)=aE’+bP(P+1)=const, (247)
the radial Schrodinger equation (239) can be written in the
form”!

d* PP+1)

— |7zt V(N +————E°|$(rE)

=Yh(r)Y(r,E,l). (248)

Here, E° and P are certain fixed values of the energy and
the orbital angular momentum. It is readily verified that
then

1’02__/12
Ph(r)=(E—E°) +———. (249)
Setting
a+br?
h(r)=7, (250)

we immediately obtain from (246) and (245) the analytic
relations

_ r 0 0
¢(Y,E,l)—m wW{y°(r),¢"(r,E,A)}, (251)

l+1d || 7 d
V(r)=V°(r)—2V % Varf_'_ld—rlnyo(r)

3r
T (1+a?)?

with a=b/a. Using (250) and (247) in (249), we can
represent 77 either as a function of E or as a function of 12,
depending on which of the variables is chosen as indepen-
dent on the line in the (A%E) plane determined by the
parameters a and b:

(252)

AE)=(E-E), P=(G"-2).  (253)
In the papers of Refs. 69 and 70,
a+br
h="5" (254)

Then, as follows from (249),

1 1
P(E)=(E-E%) 3, P()=0A%-21%) -

However, the final result does not depend on the choice of
h(r) in the form (250), (254) or
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if we require consistency with (240) and (247).

We consider the case of fixed /, A2=1%, From the
relation (249) we obtain y?A(r) = (E—E°). Comparing
this with the first equation of (253), we obtain h(r)=b/a
=const. With such %(r), the expressions (246) and (245)
for the potential and solutions become

d2

V(r)=V°(r)—2d71ny°(r), (255)
1
#(r,E) =90 w{ (r),¢%(r,E)} (256)

for a=o and the condition °(#)5£0 on the interval
a<r<b as obtained from the ordinary Darboux—Crum—
Krein transformations. In the case of fixed energy, E =E°,
we have h(r)=1/7. Substituting this A(r) in (246) and
(245), we obtain the Darboux transformations

21d d
V(r)=V°(r)—; d—rrd—rlny°(r) , (257)
¢<r,/1)=?% OO (A, AEA (258)

for the Schrodinger equation for E=const.

As special cases of a different choice of 4(7), we can
consider forms of the transformations in the presence of
Coulomb forces and a Coulomb coupling constant C. If for
I=const we set, for example, 4(r) = (a+br)/r under the
condition

aE+be=aE’+bc®=const,

then from the relations (246) and (245) we immediately
obtain analytic connecting expressions for the potential
and solutions.

Setting 4(r)=r"!, we obtain the exactly solvable
model investigated in Ref. 126 with variable electric charge
with fixed angular momentum and energy.

10.2. Bargmann transformations

We shall seek solutions of Eq. (1) in the following
form, which is more general than (240):

M
(1) =¢°(1,r) — 2 yu (Y W{°(7,.1).8°(v,")},
" (259)

with functions

(1) =p(ry,)=Cud(v,,r).

We shall find the conditions under which the function
¢(v,r) determined by (259) satisfies Eq. (1). The proce-
dure is analogous to the one proposed in Refs. 73 and 75.
We differentiate (259) twice. Taking into account (241),
we obtain
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d(y,r) d(rr) & (du(n)
T L v
I

d[h(N (1,80

+yu(r) ar
dy(r)
+2 25 (N1, |

We transform this expression with allowance for Eq. (1)
for y,(r) and the definition (259):

d2
(;z— V(r)+h(r)f)¢(y,r)

=[=V(r)+V°(r)16°(7.r)

dh(r)

=] dy, () ¢°(¥,,.r) .
—23 ) PG (0 ) g

X¢°(,1). (260)
The function ¢(y,r) satisfies Eq. (1) if the right-hand side
of the last relation vanishes. This condition is equivalent to

M d 0 ’
V(in=r(m-2 [Zh(r) Lﬁr(?’u_’)
m

0 dh(r)
+yp(r)¢ (‘}’,u") _dT] (261)

The solution Yu(r) with potential (261) can be determined
from (259), using the connection Yu(r) =Cy¢('yp ,):

M
yu(r =2 CH(r, )P, (262)

where

P;w(r) =6y,v+CvW{¢0(7y ’r)’¢o(?/v’r)}'

Substitution of (262) in (261) and (259) enables us to
give expressions for the potential and for the solutions cor-

responding to it in terms of the known function A(7) and
known solution ¢°(y,r):

di 1 d
V(r)=V°(r)—2,/h(r)d—r N — Indet P(r) |,

r) dr
(263)
M M
$(r.r)=8"(r.r) — 2 2 C°(1,,) P} (r)
L ov
X W{$°(7,,r)¢°(v.n)}. (264)

It is now easy, using the general expressions (263) and
(264) for Eq. (1), to obtain the Bargmann-type transfor-

mations
Ja 7 d
V(r)=V°(r)—2LJ:ild—r

d
—In det P(r) |,

(1+ar’) dr 0]
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M M
$/(rE)=¢J(rE)— 2 2 C4°(1,E,,A,)
rov

W{¢°(r.E,,A,) 4" (r.EA)}
E,—E,

X P, M(r) (266)
for the potentials and solutions (239) and (248) of the
Schridinger equation with variable values of the energy
and orbital angular momentum along arbitrary straight
lines in the (1%E) plane.”’75 For this, it is sufficient to take
h(r) from (250) in (263) and (264). Transformations of
Bargmann type were also constructed in Refs. 69 and 70.
In the first of these, as in Refs. 73 and 75, algebraic trans-
formations were made, while the second study was based
on a general formulation of the inverse problem’""? for
variable / and E. Fixing the angular momentum / or the
energy E, we can obtain as readily from the relations (263)
and (264) the Bargmann expressions for problems with
fixed / and E, setting h(r)=b/a and h(r)=1/9, respec-
tively.

The Gel’fand-Levitan or Marchenko approaches with
degenerate kernel of the operator of generalized shift
K(r,r') can be obtained by a suitable choice of the bound-
ary conditions. In the Gel’fand-Levitan approach devel-
oped for regular solutions, the Wronskian in Egs. (263)
and (264) can be expressed as follows:

WA (7,,m)8°(1,)}
= (?’;zf‘Yz) fofh(’)¢°(Yy,r’)¢°(7,r’)dr'. (267)

In the approach of Marchenko, which uses Jost solutions,
the Wronskian is written in the form

W{ (). (1)}
=(-7) fw h(P) (v o?) O (v )ar.

Taking into account the relations (267) or (268) in (264),
we obtain

(268)

M M

(1) =¢°(y.,r) — 2 2 CA (1,1 ) P (1) (o—1P)
Hov

()
X fo( ) h(r)¢°(v,.r" )¢ (y,r')dr, (269)

where we also rewrite Pm(r) in the integral form
P (1 =8,+C,(Va—1)
() 0 0
X f h(r)¢ (v r' )¢ (v,r')dr'.

o(r)
It is now obvious that in the relations (259), (262)—-(264)
we can interpret ¢ as all solutions—regular and Jost—of
the Sturm-Liouville problem, these in general remaining
arbitrary until definite boundary conditions of the problem

are chosen.
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11. CONCLUSIONS

We have formulated the multidimensional inverse scat-
tering problem in the adiabatic representation, and this has
necessarily led to the development of two interrelated non-
standard problems: a parametric one, in the fiber for the
Hamiltonian of the fast motion, and a multichannel one of
gauge type, which describes the slow dynamics of the sys-
tem. We have proposed a method of constructing a large
class of exactly solvable multidimensional models on the
basis of the developed technique of Bargmann potentials
for the parametric family of inverse problems and for sys-
tems of equations with a covariant derivative. The formu-
lation of the parametric inverse problem and the generali-
zation to this case of the technique of Bargmann potentials
makes it possible to generate a large class of exactly solv-
able multidimensional models with specification of a func-
tional dependence on the external coordinate variable of
the scattering data.

We have obtained in closed analytic form simple and
transparent expressions for the potential matrices of Barg-
mann type and the solutions corresponding to them, using
a factorization with respect to the channel indices of the
matrix kernels Q(X,X’) and K(X,X’) of the equations of
the inverse problem, this being in addition to their factor-
ization with respect to the coordinate variable.

Using the expressions given above, we can study some
geometrical aspects of scattering theory. For example,
specifying the functional dependence of the terms, one can
see what is the behavior of the matrix elements of the
operator of the induced connection and the scalar potential
as the levels approach right up to quasicrossings. In a con-
sistent approach, the parametric dependence of the terms
on the slow variables must be determined after solution of
the inverse problem for the slow system of equations. In
applications, the parametric formulation of the inverse
problem in the framework of the adiabatic approach makes
it possible to solve effectively the problem of choosing a
particular class of spherically asymmetric potentials to be
used in calculations of quantum systems.

We have generalized the technique of algebraic trans-
formations for Eq. (1) containing a functional dependence
on the coordinate in the term with the energy, in addition
to the potential function. In closed form, we have obtained
connecting relations for the potentials and the solutions
corresponding to them; these generalize the expressions of
the Bargmann approach. Special cases of such an approach
are transformations with variable and fixed energy, orbital
angular momentum, and Coulomb coupling constant.

The relations obtained in the framework of the super-
symmetric approach for equations with a gauge potential
make it possible to generate a new class of exactly solvable
models. Of particular interest is the development of the
approach for the construction of models with singular po-
tentials and nontrivial topological phases.

The considered approach opens up new possibilities for
the construction of exactly solvable models helpful in the
interpretation of the singular behavior of the potential
curves; it relates them to the modern geometrical treatment
of scattering theory in terms of Hilbert bundles. We should
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like to point out that in the presence of supersymmetry for
systems of gauge equations describing the slow dynamics
of quantum-mechanical systems geometric phases arise
and topological effects are possible. Nonadiabatic geomet-
ric phases, in addition to the Aharanov—Anandan phases,
arise from the singularities of the induced connection op-
erator A at the points of term crossing.

APPENDIX

We represent the total wave function in the form

|V (X,Y) = 2 | ®n(XY)) (D, (X;Y) | ¥,(X,Y))

=2 | @n(XY)) (X)) = | D(XY))y;(X).

(270)

Note that the total wave function ¥ must be invariant
under the unitary transformation

D, (X;Y)= 2 Op(XY) Y pu(X),

Ym(X) = 2 2, (X)x4(X).

We use the decomposition of the identity (completeness)

1= 3 |9,) (P, (271)

and also the orthogonality (integration over the fast vari-
ables Y)

(Pr(X;Y) | P,(X;Y)) =6, (272)

of the functions @ in the original multidimensional Schro-
dinger equation

HY(XY)=E¥(X)Y), (273)

We make simple transformations, namely, we express the
action of the operator Ay on basis functions that depend
parametrically on X:

AxV(X,Y)=V" (V¥(X,)Y)),
VI¥)=(V[¥)x+|®)Vy,
V(V|¥))= (V| D))y +2V|®)Vy+ |P)Vy.

We multiply (273) and (274) from the left by (®,,(X;Y) |
and integrate over Y:

(O | VP W) = (@ | (V?| @) x +2( P | V| @) VY

H=—-A+V.

(274)

+(D,,| | PV, (275)
VI(P,(XY) V| D,(X;Y))]
=V[(®,(X;Y)]|V|D,(X;Y))
H{(Pp(XY) | (V| 9,(X;Y))). (276)
Using the orthogonality relation (272),
V(P (X,Y) | P,(X,Y))]=V8,,=0,
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we obtain

(V(@u(X,Y) ) | 2n(X,Y)) = — (D, (X,Y) | V]| D,(X,Y)),
(277)

i, the vector nmatrices, defined as IA,,

=—(P,(X,Y)|V|®,(X)Y)), are anti-Hermitian.
Using (277) and (271) in (276), we obtain

— VA =A%, +{®,(X,Y) | (V}]|D,(X,Y))).

After this, (275) can be rewritten in terms of the extended
derivative in the form

—i(VA)y — A%y —2idVy+V2y=D*x=(V—iA)’y.
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